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1. Introduction

We live in a world of supply chains. From the data of World Input-
output Tables, in 2000, the world gross output was 1.97 times that of
the world value added, suggesting a large role of intermediate inputs
in production and supply chains in the modern economy. Many supply
chains are global. Trade in intermediate goods has been growing faster
than trade in final goods. The importance of supply chains has also
grown over time; the ratio of gross output to value added has increased
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to 2.18 by the end of 2014. In this paper, we study the implications of
global supply chains for the design of optimal monetary policy.

There is an active research on outsourcing and offshoring in the field
of international trade, where firms purchase intermediate inputs from
other firms, sometimes foreign firms, for further processing.! Global
supply chains are rising in importance as an increased fraction of output
is produced as intermediate inputs rather than final consumption. As
important, it is accompanied by an increase in the number of production
stages in many sectors (e.g., Wang et al., 2017). The role of globalization
in national inflation behavior has also received increased attention.?

A voluminous but separate literature in monetary economics studies
optimal monetary policy. Woodford (2010) provides an excellent sur-
vey of the subject in an closed-economy setting, whereas Corsetti
et al. (2010) supply an excellent survey of issues in the new open-
economy macroeconomics. While central banks typically target only

! See Feenstra (1999), Hummels et al. (2001), Yi (2003), Koopman et al. (2014), Antras
(2016), and Johnson and Noguera (2016), among others.

2 Recent examples include Auer et al. (2017a), Auer et al. (2017b), Forbes (2018), and
Wei and Xie (2019).
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CPI inflation, the literature has studied whether CPI or PPI is more ap-
propriate for monetary policy goal (e.g., De Paoli, 2009; De Gregorio,
2012). Two pioneering papers are especially worth noting. In an open-
economy model featuring a single stage of production (i.e., no supply
chains), Gali and Monacelli (2005) suggest that PPI is a better target,
where PPI in their context is the price index for domestically produced
final products. In a closed-economy featuring two stages of production
(i.e., there are simple national supply chains but not global supply
chains), Huang and Liu (2005) demonstrate that the optimal simple
rule should include PPI inflation as well as CPI, where PPl is the producer
prices of domestically produced intermediate products.? The intuition is
that, in a New Keynesian model, a PPI inflation causes distortions in
the allocation of productive resources, including among domestic
producers of intermediate goods. Since all firms are owned by the
households, the distortions associated with a PPI inflation reduce
household welfare too.

Interactions between multi-stage production and economic open-
ness and their implications for the design of monetary policy have not
been much explored. For example, when an economy becomes more
open, should the optimal weights on the upstream sector inflation rise
or fall relative to those on the final stage inflation? Should trade frictions
such as a rise in the tariff rate affect the design of monetary policy?

We build a New Keynesian model that features simultaneously
multi-stage production and openness. A noteworthy feature of the equi-
librium is that there are separate Phillips curve relationships for each
production stage that link the producer price inflation of a given stage
to both the expected next-period inflation and log-deviation of that
stage's real marginal cost from the steady state. The real marginal cost
term for each production stage, in turn, is a function of change in the
real exchange rate (due to the openness of the economy) and a relative
price gap between the production stages (due to multiple stages of
production).

Following Rotemberg and Woodford (1999), Gali and Monacelli
(2005), and Huang and Liu (2005), we assume that the central bank
maximizes the welfare of the household which is approximated by a
second order expansion of the utility function. By making use of equilib-
rium conditions, we can see that the welfare loss function contains not
only output gap and change in the real exchange rate, but also separate
producer price inflation in each production stage, separate terms for
employment fluctuations in each production stage, and the relative
price gap between the production stages. Parameters describing the
openness of the economy (shares of each sector's output that are sold
abroad and shares of inputs imported from abroad) appear in the wel-
fare loss function as well.

Quantitatively, we estimate the nonlinear model up to second-order
expansion (of both the constraints and the welfare function), and con-
sider a family of simple monetary rules, including (a) the classic
Taylor (1993) rule that features output gap, CPI inflation, and change
in the real exchange rate, (b) the Gali and Monacelli (2005) rule in
which PPI inflation takes the place of CPI inflation in the Taylor rule,
(c) arule that includes separate producer price inflation in each stage
of production as well as output gap and change in the real exchange
rate, and (d) some variations of the previous rules that omit either out-
put gap, change in the real exchange rate, or both. For each rule, we
compute optimal weights on each term in the monetary policy rule.

Within the family of simple monetary policy rules, a rule that targets
separate producer price inflation at each stage of production (as well as
output gap and change in the real exchange rate) delivers a higher
welfare level than alternative policy rules. As an economy becomes
more open, measured by the share of exports in sales, the optimal
weight on the upstream sector inflation rises relative to that on the
final stage inflation.

3 Strum (2009) expands on the model with two-stage production developed in Huang
and Liu (2005) and revisits the classic question of optimal commitment versus discretion-
ary monetary policies.

Greater trade frictions reduce the openness of an economy. This, in
the model, would dampen the optimal weight on the upstream sector
inflation. However, we document a direct welfare loss associated with
greater trade frictions even if the monetary policy rule adjusts opti-
mally. In other words, the central bank cannot completely offset the
negative effects of greater trade frictions. Naturally, the welfare loss
would be even greater without the re-optimization by the central bank.

In general, because the optimal weights on the inflation at different
production stages are not proportional to the sales weights, the PPI
inflation would not be sufficient to replace these production-stage-
specific inflation. At the same time, if we restrict ourselves to only con-
sider aggregate inflation measures (PPI and CPI), targeting PPI inflation
yields a smaller welfare loss than targeting CPI inflation alone (in addi-
tion to output gap and change in the real exchange rate). That is because
PPI inflation puts at least some weight on the upstream sector inflation
whereas CPI inflation puts none.

We also consider a general version of the model that can feature an
arbitrary number of production stages (but in a closed economy). In this
case, as the number of production stages increases, the optimal weights
on the upstream sector inflation as a whole relative to the final stage of
production, or the optimal weight on the PPI inflation (if we only con-
sider aggregate price index), will increase as well. This discussion is col-
lected in an appendix.

Is it possible for countries to obtain separate producer price index for
upstream and downstream sectors? In turns out that the United States,
Japan, Australia, Korea and Canada already collect and report such data.
For instance, the US Bureau of Labor Statistics (BLS) has considered a
four-stage production process and accordingly constructed a stage-of-
processing price indices in the PPI Final Demand-Intermediate Demand
indice.* Fig. 1 presents separate inflation paths for producer price indi-
ces at different production stages as well as core CPI for the United
States (Panel A) and Australia (Panel B). It can be seen clearly that the
producer price inflation in the upstream sectors and the final stage do
not move together. This means that the monetary policy implied by a
rule that includes separate producer price inflation would look different
from the classic Taylor rule.

This paper builds on the literature on monetary policy by introduc-
ing global supply chains. Corsetti et al. (2010) provide a comprehensive
survey on early literature. Gali and Monacelli (2005) build a small-open
economy New Keynesian model that features a single stage of produc-
tion, and compare three alternative simple policy rules: CPI-based Tay-
lor rule, PPI-based rule, and an exchange rate peg. De Paoli (2009)
demonstrates in a model with more general parameterization but also
a single stage of production and focuses on terms of trade externality
in driving the optimal monetary policy. Shi and Xu (2007) build a
two-country New Keynesian model with trade in vertical production,
focusing on transborder spillover effect of productivity shock and the
discussion of optimal money supply policy. To explain international
business cycles, Huang and Liu (2007) build a two-stage production
model with staggered prices. Aoki (2001), among early works, studies
the optimal sectoral weights in the monetary policy rule when there
are two horizontal sectors. Lombardo and Ravenna (2014) study opti-
mal monetary policy in a two (horizontal) sectors under one stage of
production with imported inputs for the tradable sector. Matsumura
(2019) also studies monetary policy in a small-open economy with
multiple sectors but still with only one stage of production.

Our point of departure from this set of papers is a simultaneous in-
troduction of multi-stage production and economic openness. We pay
special attention to an interaction between openness and multi-stage
production and its implication for the monetary policy rule. In a closed
economy setting with two stages of production, Huang and Liu (2005)
show that a monetary policy rule that includes PPI inflation is preferred
to targeting CPI inflation alone. This is true in our generalized model as

4 Details about PPI Final Demand-Intermediate Demand indices can be found at https://
www.bls.gov/ppi/fdidsummary.htm.
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Fig. 1. Stage-of-processing producer price

well. In addition, we show that the degree of openness systematically
affects the optimal weights on the early stage producer price inflation.
We also use the model to discuss how the monetary policy rule may
be affected by a sharp increase in the costs of international trade such
as in a trade war. In a long appendix, we also feature an arbitrary num-
ber of production stages (in a closed economy) and investigate effects of
a lengthening of the supply chains on the design of the monetary policy.

Gong et al. (2016) study optimal simple monetary policy rules in a
two-country New Keynesian model with two stages of production.
However, since labor is assumed to be only used in the first stage of pro-
duction in their paper, there is no misallocation of labor across produc-
tion stages. In other words, there is no resource misallocation across
production stages due to stage-specific producer price inflation. In com-
parison, we do allow for potential misallocation across production
stages. This generalization qualitatively changes the results of the
analysis.

There are other issues discussed in the literature that we do not dis-
cuss here. For example, commitment versus discretion in the monetary
policy (e.g., Strum, 2009) and the role of investment goods' prices
(e.g., Basu and De Leo, 2019) can in principle be incorporated in our
framework as extensions.

This paper is also related to a literature on the effects of globalization
on national inflation. Auer et al. (2017a), Auer et al. (2017b), and Forbes
(2018) study how national inflation dynamics are altered by inter-
country connections through supply chains, and how the trade-offs in
inflation targeting policies may be changed for central banks. Wei and
Xie (2019) demonstrate how an increase in the number of production
stages can lead to a weakening in the correlation between PPI and CPI
inflation. However, that literature does not explore how an interaction
between multi-stage production and globalization affects the design of
the monetary policy.

The rest of the paper proceeds as follows: Section 2 introduces the
basic model with global supply chains; Section 3 characterizes the

Panel B: Australia
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index and core CPI, US and Australia.

steady-state, flexible-price, and sticky-price equilibrium in the special
case of two stages of production, derives an expression for the welfare
loss function, and discusses the comparative statics of changes in import
tariff; Section 4 compares several monetary policy rules via calibrations;
finally, Section 5 concludes the paper. An appendix discusses a more
general case with an arbitrary number of production stages.

2. The model setting

Consider a small-open economy New Keynesian model with an infi-
nitely lived representative household. The household maximizes its
utility through consumption and leisure. The household owns all do-
mestic firms and receives dividends from them.

The production of a final good requires N-stages of production,
which constitutes a vertical production chain. In each stage of produc-
tion, a large number of domestic firms produce a unit continuum of dif-
ferentiated outputs, i.e., u € [0, 1]. In the first stage of production, firms
use domestic labor as the only input. In each of the subsequent stages of
production, intermediary inputs purchased from the previous stage
(from both domestic and foreign sources) together with labor are
used together for production. All production features constant returns
to scale.

The firms and households take international prices of inputs and for-
eign demand of outputs as given (the small open economy assumption).
While the firms are price-takers in the factor markets, they are assumed
to be monopolistic competitive in their outputs and set the output
prices in their own currency (the producer currency pricing assump-
tion, or the PCP). In future work, alternative assumptions such as pricing
to the market and the dollar currency pricing can be explored.®

5 Engel (2011) offers a detailed discussion on the implications of the local currency pric-
ing. Mukhin (2018), Egorov and Mukhin (2019), and Gopinath et al. (2019) make a case
for the dominance of US dollar pricing.
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2.1. Household

The representative household has the following utility function and
budget constraint:

EX7 o U(C) =V (L))
s.t. PGy + E[{D[$[+]Bt+‘1 }SWtL[ + I + B¢

where the variable C; is the final consumption good, L, is the supply of
labor, Dy, is the price of a one-period nominal bond paying off in
domestic currency, W, is the nominal wage, Il includes both firm
profits and a lump-sum transfer of any government tax revenue, and
B, denotes the holding of a riskless one-period bond.

The consumption good is a composite of both domestically produced
and imported final goods, i.e.,

Y oyloY
Ce = Oy Vg

0—1

0
where Yyy, = ](} Yyye(u) * dul®!

is a bundle of domestically pro-
duced differentiated final goods, and Yg, is a bundle of foreign pro-
duced differentiated final goods. The parameter vy is the share of the
household expenditure on domestically produced final goods, 1 — 1y is
the share of the expenditure on imports, and 6 is the elasticity
of substitution among the differentiated final goods. The term @ =
[¥Y(1 — y)' ] ' is a constant for normalization.

By the household's expenditure minimization problem, the demand
function for the final goods are

—0
YP:
Py e

PliH,t(u)

C
Pnp e

Y?\IH.[(U) =

where the aggregate price index for the final consumption is

P :I_’KH_P}V;Z, the aggregate price index for the domestic produced
1

final goods is Pyy, = (jg PNH:t(u)l_edu)‘*", and the aggregate price
index for the foreign produced final goods is Pyg¢ = T:& tPyg - The
term &, is the price of foreign currency in units of domestic currency,
Py, + is the exogenous foreign price in foreign currency, and T; is a uni-
form tariff on imports. An upper star = is used to denote variables in
the foreign country (denominated in the foreign currency).

By the household's utility maximization problem, we obtain the
labor supply and Euler Equation, respectively, as

w, V,
U ()
t ot
and
, P
Ure = BREC U1y @
where R; = is the gross return on a one-period risk-free
tet+1
nominal bond in domestic currency. o
. . L C, “—1
Assuming a CRRA utility function, i.e., U(C;) = t]T and V(N;) =
LHJJ
I[Tp' the labor supply (1) and Euler Eq. (2) can be written in

log-linearized form as

Wy —p; = OC +§n, 3)

¢t = E¢(Crs1) _%[it_Et(nHl )—p] 4

where lower-case letters denote the logarithm of the respective vari-
ables, i = R, — 1 is the nominal interest rate in domestic currency,
Mey1 = Pesq — Peis the CPlinflation,and p = g1 — 1.5

We assume that the household has access to a complete set of (both
domestic and international) state-contingent securities, and trade in the
international asset market before the monetary authority chooses its
policy. This timing assumption follows the convention in this literature,
and ensures a risk-sharing condition that is independent of monetary
policy rules (see the discussion in Senay and Sutherland, 2007, and
Matsumura, 2019). Then, the intertemporal marginal rates of substitu-
tion must be equalized across countries, i.e.,

) /P oy p
’ t((ciifi";z)i"zﬁ’@ il (5)
0 0

where A is the marginal utility of initial debt for the domestic house-
hold, and the risk-sharing condition implies’

C=0CQ;"” (6)
ie,

c=c+0 g +§ (7)

where the variable Q[:glgf; is the real exchange rate, 6* =

(AP§)~°/Cs is a constant (i.e., invariant across policies), and the
variable § = In 6. Note that if the asset markets cannot insure across
different policies, then 6 * (or A) will have to vary across policies.

Engel (2016) criticizes this timing assumption on the asset market
and advocates using a balanced trade assumption to replace the risk
sharing condition. Since trade imbalance is a key feature of open econo-
mies and global supply chains, we choose to retain the complete market
assumption and the risk sharing condition in our baseline model. This
risk-sharing condition facilitates a comparison of our model with Gali
and Monacelli (2005) and De Paoli (2009), where a complete asset mar-
ket is also assumed.®

To acknowledge the Engel's critique, we discuss in Appendix I an al-
ternative setup that features a balanced trade without the risk sharing
condition. With a second-order approximation of the non-linear system,
we calibrate the model under a set of alternative monetary policy rules,
estimate the optimal weights on the variables in each rule, and compute
the associated welfare loss. A key finding is that the welfare ranking of
the monetary policy rules under the balanced trade assumption is the
same as under the assumption of a complete asset market and the risk
sharing condition. Based on the appendix, we suggest that the Engel's
critique may not be important for our particular research question.

We assume that the foreign consumption follows an AR(1) process,
ie., ¢/ = pc-ciq + ene with pe- € (0,1) and e ~ N(0,0.2). From the
risk-sharing condition (7), given exogenous foreign consumption,
there is an increase in consumption if and only if the real exchange
rate depreciates. Under the assumption of complete international finan-
cial markets, it also implies uncovered interest parity, i.e., i, — iy’ =
E(Ae;+1), where e, = In&,.

5 It is equivalent to write i; = — logED,;1and p = — logp.

7 Details for deriving Eq. (5) can be found in Matsumura (2019).

8 Gali and Monacelli (2005) assume the Cole-Obstfeld parameterization, which is a
knife-edge case when A is exogenous to the monetary policy. This is not true in our case.
Instead, we assume an exogenous A only to facilitate a comparison with the previous
literature.
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2.2. Firms

Each final good requires N-stages of production, with a large number
of domestic firms producing a unit continuum of differentiated outputs
and featuring constant returns to scale at each stage. In the first stage,
the production function for good u € [0, 1] is given by

Yin(u) + Yiy(u) = ALy (u)

where A is the productivity in stage 1 and L;(u) is the quantity of labor
employed in the production of good u. The output is either sold at home
Yiu(u) or exported abroad Yiy(u). The stage-1 output sold at home
0—1 ]

and its corresponding price are given by Yy = fol YlH(u)Tdu}m

1
and Py = Ug Py(u)'~%du]' ", respectively.

In each subsequent stage, the production needs to use intermediate
inputs. The production in stage n (for n = 2, ..., N) can be viewed as a
two-step process. In the first step, a firm purchases all differentiated
outputs produced in the previous stage n — 1 from all global sources
and form a bundle of intermediate inputs. Specifically, the intermediate
input bundle to be used in the production stage n, i.e., Yy, is a bundle of
two composites of stage n — 1 outputs:

v Yyl
Y =0Y Y n—1r

B 1 U gy S
Y-y = {/0 Y—1u(j) dj}

where Y(;,—1)4(j) is the amount of good j that is domestically produced
in stage n — 1 and purchased by the firm in stage n, and Y,_q)F is
the amounts of composite good that foreign firms produced in stage
n — 1. In the factor market, domestic firms are price takers in purchasing
foreign composite goods Y(,_1)r, and because of the small-open econ-
omy setup, the supply of foreign composite goods is perfectly elastic
in price.

The aggregate price index for the inputs in stage n is then given by

Po=Pl P . where Py =[P ~0qujits and
n = P_uPn_1)r » Where Pu_1yp=[fg Pn—1n(u) uji-o an

Py = TIFSIP@H)F. The variable P(;—1)r is the price of composite
goods in foreign currency produced in stage n — 1 by foreign
firms. Note that the output price in stage n satisfies P,y = P,y for
vn=1,2,..,N.

In the second step, the firm combines the composite intermediate
good with labor input to produce an output. The production function
for good u in stage n is given by

Yo (u) + Y2 (1) = 0°A Y ()P Ly(u)' ¢

where 0 = [(1 — ¢)!7%¢*] ! is a constant for normalization. We as-
sume the technology in each stage following the AR(1) process a, =
Prlne—1 + ene with a, = InA,and p, € (0,1) forn =1, 2, ..., N. Note
that {e,}N_; are i.i.d. shocks with the same normal distribution, i.e., ¢,
~N(0,02).

Since the production of any good in stage n needs a bundle of output
from the previous stage as inputs, it captures a feature of a typical input-
output table in which the output from all sectors may be used as inputs
into the production. In the language of Baldwin and Venables (2013),
the entire manufacturing production process follows a combination of
a snake and a spider patterns. At a given stage, outputs from the previ-
ous stage from all over the world are purchased to form a composite in-
termediate input, resembling a spider pattern. Going from one stage of
production to the next, the process resembles a snake pattern.

By the small-open economy set-up, the foreign demand for domestic
output in stagen = 1, 2, ..., N is assumed to be

Pag(u)\ 70 Y, P
YXd u) — ( nH ) nH' nH'
nH( ) PnH PnH

where Y,y is exogenous foreign demand and P,y is the price for domes-
tic produced composite goods in foreign currency. This foreign demand
function can be derived from the cost minimization problem of a foreign
buyer who aggregates the composite of domestic produced goods.

Similarly, the domestic demand function in stagen =1, 2, ..., N is
given by

-0 B
Vo) = (Tl Tt

Note that the nominal exchange rate is not a sufficient statistics for
import tariffs in a world of multi-stage production. An increase in the
nominal exchange rate (i.e., a depreciation of the domestic currency)
raises both the input costs and foreign demand for domestic goods
simultaneously. In comparison, an increase in import tariffs only affects
production cost through higher costs of imported inputs.

2.3. The firm's pricing problem

Firms in each stage of production are price-takers in factor markets,
but are monopolistic competitors in their outputs. They are assumed to
follow a Calvo pricing rule, and the probability that firms in stage n can
adjust prices freely is 1 — oy, n = 1, ..., N. Then, by the law of large num-
bers, in each period, a fraction 1 — a, of firms in stage n can adjust prices
while the rest of firms have to stay unchanged. For a firm producing
good u in stage n, which can set a new price in period ¢, it chooses
price P,y(u) in domestic currency for its product sold both at home
and in the foreign market. Its maximization problem becomes

MGXpyy, 00 EeSie_ o0~ Do [(1+ )Pt (W) =W W)] Yoo (0) + Yl ()]

where 7 is the subsidy to firms that corrects the distortion from monop-
olistic competition, W, ; (u) = P‘,f‘kw,i*"’ /An k is the nominal unit produc-
tion cost forn =2, ...,Nand ¥y i (u) = W,/A; xforn = 1,P, is the price
for the composite of intermediate input goods at stage n, and Y2y (1)
and YQ‘EL «(u) denote the output demand from both domestic and foreign

market respectively.
The optimal pricing decision is given by

o B0 Der W () Vi (1) + Vi ()]
T+T ESY gD [ch"lH.r(u) + Y)n(qu,k(u)]

Phyy e (w)

where = % is the markup in the market for producing outputs in
each stage.® To be abstract from the distortion generated by monopolis-
tic competition, a subsidy is imposed such that 1 + 7= .

Taking input prices as given, the cost minimization problem for the
firms at stage n for n = 2, ...N in period t yields a factor demand
function as

- @, [

Tue= bt [ [Vinetw + v @)
1

e = (1=) gt [ Vet + ¥ 0] o)

9 Since we assume the same elasticity of substitution among differentiated goods across
the stages, it also implies the same markup across the stages.
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—d YPne —d

Y(nfl)H,t = P e Yn,r (10)
(n—1)H,t

ol (1=Y)Pus o

Y(n—l)F,r = Fi)myn.t (11)
(n—1)Ft

and

—0
Pi—1yme(u) —d
S Yo (12)

Y?n—l)H‘t(u) = (

F(n—l)H,t

In the first stage of production, the firm's pricing problem is simpler
since labor is the only input. Specifically, the optimal pricing decision for
a firm in stage 1 is

BT DoV () [ Y] (w) + Vi )]
ECST (0 Der ¥4 () + Vi ()]

Plye(u) =

where ¥y (u) = W, /A1 is the unit production cost in stage 1, and the
subsidy has been imposed to offset the markup.
Since labor is the only input in the first stage, the labor demand is

Wy

J - —2
1t W Jo

1
[Vt + Y6 ()| du

As the goods are symmetric, we drop good index u in the price var-
iable. The aggregate price index for the outputsin stagen,n=1,2,...,N,
is thus given by

i
-0

1-6
Pae = |0Ph -y + (1_an)(P?1H,t) } (13)

2.4. The market clearing conditions and equilibrium definition

Equilibrium definition: given exogenous monetary policy (the rule
of nominal interest rate or nominal exchange rate {i;,#}) and tariffs {T;},
as well as exogenous foreign demand and foreign prices {C/", Py, Pk
Yindh—1, the market equilibrium consists of a set of stochastic
processes — {C, L} for domestic households, {Lﬁ_ (W), Yore(u), Yage(u),
Pa(u)}N=1 for firms u € [0, 1] and price indices {PnyJh—1, and
wages and real exchange rate {W,Q,}, satisfying the following
conditions:

1. Taking prices and wages as given, the representative household max-
imizes its utility.

2. Taking intermediate input goods prices, wages, and all output prices
except their own's as given, firms in each stage maximize their
profits.

3. The intertemporal trade balance condition holds.

4. The labor market clears, and the goods markets clear in all produc-
tion stages, i.e.,

N
L= L8 Yan=Yag, Yun = Yai

n=1

Note that the intertemporal trade condition is derived from a no-
Ponzi-game condition in the household's debt, which does not neces-
sarily require trade balance in each period. The case of a balanced
trade is discussed in Appendix I.

3. The case of two-stage production

If we assume two stages of production, we can obtain a number of
analytical expressions.!® We now characterize sequentially the steady-
state, flexible-price, and sticky-price equilibria. We derive the second-
order approximation of the welfare loss function for the sticky price
case. With sticky prices, there is misallocation of labor across production
stages. Because the terms of trade externality and the labor allocation
distortions interact with each other, the real exchange rate and the rel-
ative price gaps between the production stages enter the welfare loss
function.

The model lends itself well to thought experiments on how a change
in openness affects the optimal monetary policy rule. This also facilitates
a discussion on how a change in the import tariff affects monetary pol-
icy. While we only consider domestic productivity shocks in this section,
a broader set of stochastic shocks are considered in the numerical anal-
ysis in Section 4.

3.1. The steady-state equilibrium

In the steady state, Ay = A, = 1, and foreign variables are kept
constant. The price index satisfies P1y; = Py = Py(u) and Poy = Poy =
Pyu(u). By Py = T’}'HT’}FY , from Section 2.2, the price indices of
domestically produced goods across stages are given by Pyy = W and
Py = Wl*¢+‘Y¢(T;g)(1*7)¢(p1*F)(1*“/)d>‘

Given Pyy(u) = P1yand Poy(u) = Pop, the demand for good u in both
two stages satisfies Y4, (u) = 7‘]1” and Y4, (u) = ?ZH. The goods market

. o . o o
clearing condition requires Yy = Y,y and Y,y = Y,y. Therefore, the
factor demand functions are given by

—d = 1=
Vo = W' (Po) (Y + V3R

50
L3 =(1—¢)W*P, (YgH + Y)z(ft)

and
L{ = Yiy + Yiy

Y;HP;H;5 Xd __ Yk](HP’{H;5
Py M Py
Pyr = TP5 & . By backward induction, we can obtain the labor

demand function in each stage of production.

The equilibrium in the steady state {C,L} is then fully characterized
by the labor supply Eq. (1), the risk sharing condition (6), and the
labor demand function L + L4 as derived above, where all price indices
are a function of W and ¢. Following Huang and Liu (2005), we set y =
0 to simplify expressions, which can be justified by indivisible labor
(e.g., Hansen, 1985)." Then, Eqs. (1) and (6) give

——(1—y)=1—
where Y34 = L Y9y = yCPZH( y)Pzpy, and

w=o0c" +e+p*
cfc*+l[e+ “—pl+§
= o p—r

By substituting w into p = yp,y + (1—7y)P,F, together with oc =
oc* + e+ p* — p + o€, we obtain an expression of ¢, which includes
neither the domestic price index nor nominal exchange rate. Similarly,

10 We present the results for the general case of N stages of production in Appendix A.
" In the numerical analysis in Section 4, we use a more general value of i based on
calibrations.
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by substituting w into price index, together with L = L§ + L4, we obtain
an expression of steady-state labor L.

3.2. The flexible-price equilibrium

In the flexible-price equilibrium, o, = 0 for n = 1, 2. The
optimal pricing decision for firms at stage n becomes Py, = WV, and
thus PnH,[ = anI = PgH‘t'

With Py, = T’;YHITD};Z, stage-specific prices indices are given as
Pic = We/Arcand Popy o = W TY8(T5 ) 1= V8(Pii) U004 1945 1
The aggregate price for final consumption goods is Py = (Pap)”
(TPsr, &,)' 7, in which we have plugged the expression of Pyp,.

Similar to the analysis in the steady-state equilibrium, we have
Y?H.r(”) = ijv YgH.f(u) = Vgﬂ,c' Yine = 7(111-1,: and Yoy, = ng- The fac-
tor demand functions are given by

—d w! ¢ (P, 10
Yz.t = d’t/g%t)(ycziﬂt + Y)Z(Iql.t)

W, (1_’21)1_4)

d _ 1 d Xd
Ly=(1—¢) s (YzH,r+Y2H.t>
VP2 Y
Yrle‘t: L2
Pipy
and

d d X
Ly =Yine + Yine

. g * g
YZH.tPZH.t(/(f X 7ylH,tP1H.tO(f

d p—(1=Y)pl—Y
» Ve = Youe = YCPou Pory,

X
where Yy, = P
1Ht

Poy
and 1_32 Ft = T[PZ F‘rgt-

Similar to the steady-state equilibrium, the flexible-price equilib-
rium {C, L} are then fully characterized by the labor supply Eq. (1),
the risk sharing condition (6), and the labor demand function L§ + L4
as derived above. With the assumption of ¢y = 0, the Egs. (1) and (6)
again give

wl = oc; +el +p;

o =i+ [el +pi-pl] v
where we denote the endogenous variables under flexible price equilib-
rium with an upper symbol f.

By substituting wf into price index, we obtain the expressions of c}
and ¥, which does not include domestic price index or nominal ex-
change rate. Note that, by denoting t; = InT,, we have the expression

of CPI index pf as
S 1— f 1— St 1— o _
pr =7 |(I=b+yd)we + (1=y)b(e; +tr) + (1=Y)Ppip,—Ybar—az;
+(1=y) (el + te + i)

By substituting p} into the risk-sharing condition, we obtain the
natural rate of interest rate as

T :p+(7E(c{+]—c{)

=P+ Y[Ybp1Aa1 + PrAay,]

where we treat exogenous foreign variables and import tariff as
constant.

3.3. The sticky-price equilibrium

We now derive the New Keynesian Phillips curves for each stage as a
function of the relative price gap and output gap, and characterize the
equilibrium with sticky prices. Similar to the derivation in Gali (2015),
the Phillips curve for each stage is given by

MiHe = BEMim e + MYe,
Tone = BEMane1 + NaYay
(1—PBay)(1—aw)

e
real marginal cost from steady-state equilibrium, i.e.,

where A\, = forn =1, 2 and y,, is the log-derivation of

Yne = In (qfn,t/PnH,r)_ In(¥y,/Puy)

Since ¥, and P,y are the marginal cost and aggregate price in stage
n under steady-state equilibrium, we have

. . Y. .
Y1 = O0C + =& a1t

Yar = YPSome + yi]t + (1=¢)oti—ay,
where &, is the log-deviation of relative price gap between stage-2
output price with respect to stage-1 output price from the steady-
state equilibrium, i.e., 8y, = In(P1y¢/Pane)—In(P1y/Poy)."? In terms
of notation, we use the variable with a hat to denote deviation from
the steady-state equilibrium, and use a tilde to denote the deviation
from the flexible-price equilibrium.

After log-linearizing the Euler equation of the household around the
steady state and subtracting the steady-state IS curve, we obtain the IS
curve as

. R 1
Ct = E[CHJ - 8 {lt_Et(T[H»l ):|

The aggregate inflation 1, (CPI index) can be written as

1—y
My = Ty +——A
t 2H,t v d;

The derivation of the aggregate inflation can be found in Appendix B.
The law of motion for the relative price gap between stage 1 and
stage 2 is characterized by

Sone = Zome—1 + MiHe—T2He

The above equations together with the risk-sharing condition
(7) fully characterize the sticky-price equilibrium.

3.4. A utility-based welfare loss function for optimal monetary policy

We assume that the central bank aims to maximize the
household's utility, and represent its objective function by a second-
order approximation. This follows the approach of Rotemberg and
Woodford (1999), Benigno and Woodford (2006), and Gali (2015).
Due to simultaneous presence of openness and multiple stages of pro-
duction, the first-order terms do not cancel each others out, unlike in
the standard literature. This means that the welfare loss function in

12 The proofs for deriving the expressions for ¥, and ¥, are in Appendix A.3, which char-
acterizes the sticky-price equilibrium with N stages of production.
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our setting includes inflation for each stage of production, the relative
price gap across production stages, as well as the real exchange rate
and output gap. The flexible-price equilibrium is, in general, not
Pareto-optimal. Only in the limit case of a closed economy would
the first-order terms cancel out and the welfare loss function is left
only with the second-order terms as shown in Appendix F. In such a
case, both the steady-state equilibrium and the flexible-price equilib-
rium are Pareto-efficient.

Since labor is present in all stages of production and prices are sticky,
there is labor misallocation across production stages, which reduces the
utility of the household. There is also a terms-of-trade externality since
some of the domestically produced intermediate goods are exported
and some imported intermediate inputs are used in domestic
production.

The household's utility function is given by

ES oB'U(CH)—V(L)]

: —0_1 L: +ip
o and V(L;) = Ty
A second-order Taylor expansion around the steady state (C,L) for
the period utility of consumption gives

where U(C;) =

UC)—U = UCC<Et + %cf) L tip.

where ¢; denotes the log-deviation of consumption from steady
state and t. i. p. stands for “terms independent of policy” following
Woodford (2003).

By the labor market clearing condition, we obtain the second-order
Taylor expansion around the steady state for the period utility of
employment, i.e., V(L;), as

2 L[ 12 .
VL) =V =Vild S e 5T 4 tip.

n=1

where L,/L is the share of labor in stage n in total labor in the steady
state, as described in Section 3.1, with the assumption of s = 0.3

It is useful to rewrite the employment gap in the two production
stages in terms of the output gap and the relative price gap:

il,t = [~010¢ + @10y + 6, 0]Ct + [a1dY—1]Zop,

1+a—ayy—aiayy

v G+ ardy¢ + dy —a1—010z¢

— zyfh +dye—aye

by = (Gy—0)e + dYEa, +

—6
where d,,; = In < fol (M) du> for n = 1, 2 measures the price
nH,t
d a

anday = ——=4
Y Yd, Y2H
of goods sold, respectively, to the domestic market in stages 1 and 2 in
the steady state. Details can be found in Appendix C.

Following Gali (2015), up to a second-order approximation around
the steady state, the price dispersion term d,, for n = 1, 2 can be
written as

dispersion in stage n,a; = are the shares

13" As specified for the steady-state variables in Section 3.1, we haveLT1 = m
—¢)a
L L _ Y¢ _ 4
and TZ = 1_Tl' where @ = ——#——and @, = ——2#—— are the share of goods sold at
Yin+ Y You +You

home, respectively, in stages 1 and 2.

6 ! . 2,._0 .
dn,t = 2 /O [an,t(l)_an,t] di =§ Var{an.t(l)}

By Woodford (2003), the price dispersion can be re-written as a
function of inflation in each stage of production, i.e.,

Z[ﬁ var{pu. ()} = Ay 12[571”Ht+t.i.p.

We substitute ]n,t and d,,, . into the period utility of employment. Since

(1—-¢)+¢

the total labor income of households are given by WL = ?
2

,’Y}/ , the steady state equilibrium implies WL = PC(1 — &), where

2
1—db = ” 4, 0- ¢)+¢_ g and thus U.C = ViL(1 - ®)." In addition,

in the steady state, the labor shares in the two stages are given, respec-
Yo (1—=¢)a
— ——andL/L=———"——.
o+ (1—gja M =50 T i-e
By summing up U(C;) — U and V(L;) — V, the household's welfare
loss as a fraction of the steady state consumption is given by

tively, by Ly /L =

U(C)—V(L)—(U-V)
W =E, zlgf+

L 1 ) Li/; N2
,EOZﬁ‘ct Z D) e~ 2{ (1—o)cf+(1—<1>)[Tl(hl,t—al,,—alaz_t)

Ll Lz }}+tip

L1
+ T(hz,t_az,t> T LON 'y ( O+ )9)\2 Mh
(14)

where

hi¢ = (=00 + @8y + G10)¢ + ([@dy—1)gan,
14+ @ -0 y—ay.
" + a;/’Y alaz'yqt

1-ayy

>

hye = (@—0)E + &YEame +

t

The first-order terms can be eliminated by approximating the equi-
librium conditions specified in Section 3.3 to a second-order expansion
using the approach developed by Sutherland (2002) and Benigno and
Woodford (2006). Though we do not present an explicit expression of
the welfare loss function purely in second-order terms due to the com-
plexity arising from the multi-stage production, the numerical analysis
in Section 4 approximates the full nonlinear equilibrium in the second-
order expansion.

Our setup nests several models in the existing literature as special
cases. In particular, if we shut down economic openness, and assume
N=2,y=1,anda; = a, = 1, the expression (14) reproduces the wel-
fare loss function in Huang and Liu (2005). Alternatively, if we maintain
the small-open economy structure, but assume one stage of production
(N =1),and a; = v, and additionally impose symmetry in the foreign
country, the expression (14) reproduces the welfare loss function in
Gali and Monacelli (2005) and De Paoli (2009).1°

4 In the small-open economy New Keynesian literature, & is normally assumed to be
zero due to the symmetry assumption across countries in a two-country structure model,
e.g., Faia and Monacelli (2008), De Paoli (2009), or in a model of continuum of small coun-
tries, e.g., Gali and Monacelli (2005).

15 In the case of one-stage production, the results in Gali and Monacelli (2005) and De
Paoli (2009) are reproduced by also recognizing that the foreign demand now is foreign
final demand. It is also worth noting that De Paoli (2009) allows for a general parameter-
ization of elasticity of substitution regarding foreign goods and domestic goods, while we
assume the elasticity to be one by taking a Cobb-Douglas form.
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To shed light on the role of the length of production chain in
affecting the welfare, we derive analytical results in the case of a
closed-economy (see Appendix F). In this case, both the steady-state
equilibrium and the flexible-price equilibrium are Pareto-efficient, and
the welfare loss function can be expressed in second-order terms. In
particular, the stage-specific inflation terms have a direct impact,
given by the expression of Y N_06N""\; 'n2,, in the welfare loss
function.

Two features of these terms deserve special attention. First, for a
fixed number of production stages N, assuming the same price sticki-
ness in all stages, the coefficients before inflation in the downstream
stages are larger than those in the upstream stages. Second, holding
the downstream sectors constant, as one adds more upstream stages,
the final stage inflation (i.e., CPI) becomes less important in the welfare
loss function, while the inflation rates in the upstream stages as a whole
become more important. In other words, as the production chain be-
comes longer, the central bank needs to care more about the inflation
rates in the intermediate stages but less about the final stage inflation.

3.5. Discussion on the welfare loss function

There are two distortions in the model, i.e., the labor allocation dis-
tortion (caused by sticky prices along the production chain) and the
terms of trade externality. Those terms measuring stage-specific unem-

ployment gaps flu and flzi show up in welfare loss function because of
sticky prices and misallocation of labor across production stage. The real
exchange rate g, appears due to the terms-of-trade externality.

In an open economy with a finite elasticity of foreign demand for ex-
port, the social planner wishes to exploit a domestic monopoly power in
trade. This gives rise to a terms of trade effect. As the real exchange rate
q, and the relative price gap between production stage, g,y ,, jointly

enterfll rand ﬁz‘t, we see an interaction between the labor allocation dis-
tortion and the terms of trade distortion. This interaction suggests that
the monetary policy discussion is not a simple sum of the results from
an open-economy with one stage of production and a closed economy
with two stages of production.

The second-order terms in the welfare loss function consist of three
parts: (a) a consumption gap, and stage-specific unemployment gaps
which can be written in terms of the consumption gap, (b) separate in-
flation terms for each production stage, and the relative price gap be-
tween production stages, and (c) the real exchange rate. The
consumption gap is connected with the output gap and real exchange

2
1—y i

The welfare loss function indicates that targeting CPI and PPI is not
sufficient. Instead, the central bank needs to pay attention to stage-
specific inflation terms along the production process as well as the
price gap across the production stages. These terms will become more
important as the economy becomes more open or when the number
of production stages increase. The last point is elaborated in Appendix
F.2 when we consider the case of N-stage production in a closed
economy.

rate viay = y¢ +

3.6. Discussion on value chains and price stickiness

A key feature studied in this paper is a vertical structure of produc-
tion chain or value chain. To highlight the role of vertical structure
and clarify its differences with a horizontal production structure, let us
consider how a shock propagates along the production chain. The key
logic was first pointed out by Huang and Liu (2001) in a closed-
economy setting. The same carries over to an open-economy setting.

Let us consider a shock to the nominal wage, which may be caused
by an exogenous monetary shock, and focus on a partial equilibrium
in which the exchange rate is taken as fixed for simplicity. Since labor
is the only input in the first stage of production, the marginal cost of

the first-stage production changes immediately following the wage
shock, but only a fraction of the firms in the first stage reset their prices
due to price rigidity. For this reason, the first-stage output prices, which
are the input prices for the second stage, only partially reflect the true
change in the labor cost.

For firms in the second stage production, since they use both labor
and intermediate goods for production, their marginal cost experiences
a smaller change compared to the first-stage output prices. The firms in
the second stage thus have less incentive to adjust their prices even
though they have the opportunity to do so. The second-stage output
prices deviate from those in a flexible price equilibrium more than the
first-stage output prices.

In general, when there are N-stages of production, the output prices
of more downstream stages are more sluggish than their more up-
stream counterparts. In this sense, the vertical production structure cre-
ates endogenously exacerbating price rigidity moving from upstream to
downstream stages along the production chain. This feature does not
exist for a horizontal production structure.

3.7. Effects of a higher import tariff

Motivated by a recent rise in international trade tensions, we study
how a change in the trade policy, which alters the cost of supply chain
trade, may affect the design of the monetary policy. We compare a
high-tariff case with a low-tariff case. In each case, the import tariff af-
fects the welfare loss function through its impact on the steady-state
shares of the domestic demand in the total demand for domestically
produced goods in the two stages of production, i.e,, @; and a@,.

It can be shown that

= 1
1?6 - 7N (1-5)
2
and
a 1
=g, — 200 15,

where f;(+) and f>(*) are functions of exogenous foreign variables. The
explicit expression of f(+) and f,() can be found in Appendix D. We
proceed with the following proposition.'®

Proposition 1. If the relative risk aversion o = 1, a higher import

tariff does not affect the steady-state allocation, i.e., aai'l} = aai_; =0and
aIgT/L = aLazT/L = 0; if o> 1, a higher import tariff will lead to a higher
share of domestic demand for domestically produced goods, i.e., %i;,
%iTz> 0, and the labor share in the upstream production relative to
the downstream decreases, i.e., aLaljf L<0 and 3L62]{ L>0.

4. Comparing monetary policy rules

We consider a family of simple monetary policy rules. As discussed
in Section 3, the first-order approximation for the equilibrium condi-
tions is not enough for welfare analysis. We thus estimate the general
nonlinear model specified in Section 2 with N = 2 and approximate
the equilibrium by the second order expansion (of both the constraints
as well as the welfare function). We relax the assumption of iy = 0 and
include a broader set of stochastic shocks, i.e., stage-specific

16 We assume that y < 1, i.e., the share of import is not zero.
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Table 1
Parameter calibration.
Parameter Name Value Notes
B Subjective discount factor 0.99 4% annual interest rate with a quarterly model
o Inverse of intertemporal elasticity of substitution 2 Standard value in literature, e.g., Arellano (2008)
1,0 Parameter in Calvo pricing 0.66 An average length of price contract of 3 quarters
Y Share of goods purchased in domestic market 0.6 Implying 40% import share of GDP
0 Elasticity of substitution in consumption bundle 10 Following Benigno and Woodford (2005)
) Share of intermediate goods in production 0.6 Following Huang and Liu (2005)
ay,a; Share of goods selling to domestic market 0.7 Implying 30% export share of GDP
Pa Persistency of productivity shock 0.66 Following Gali and Monacelli (2005), De Paoli (2009)
(e Standard deviation of productivity shock 0.0071 Following Gali and Monacelli (2005), De Paoli (2009)
Pc: Persistency of foreign consumption shock 0.66 Following De Paoli (2009)
oc Standard deviation of foreign consumption shock 0.0129 Following De Paoli (2009)

productivity shocks and shocks on foreign consumption (which are the
two types of shocks most commonly studied in the literature).

We consider the following set of policy rules: (a) a classic Taylor
(1993) rule that is based on CPI inflation (and output gap)'’; (b) a
Gali-Monacelli (2005) rule that replaces CPI inflation with PPI inflation;
(c) arule that targets separate inflation terms for each production stage
(i.e., stage-specific producer price indices); (d) combinations of the
above with the real exchange rate; and (e) an exchange rate peg. For
each rule, we examine both the case with imposed coefficients as spec-
ified in the literature (such as 1.5 and 0.5 on CPl inflation and output gap
in the classic Taylor rule) and optimally estimated coefficients.

Since global supply chains have been gaining importance over the
last two decades but face disruptions by recent tariff wars, we conduct
comparative statics exercises on how the optimal weight on upstream
inflation relative to the final stage inflation changes in response to
changes in an economy's openness. Specifically, we consider a range of
openness parameter measured by the export share in sales. For each sce-
nario, we estimate the optimal weights on the production-stage-specific
inflation terms as well as on other variables. We then look at how the rel-
ative weights evolve as the degree of openness changes.

Asymmetric price stickiness along the production chain appears to
be empirically relevant. Cornille and Dossche (2008) and Nakamura
and Steinsson (2008) both suggest that the price contracts in more up-
stream production stages tend to have a shorter duration than those in
the finished product sectors. Gong et al. (2016) argue that different de-
grees of price stickiness in different stages would affect which price
index (i.e., CPI, final-goods-based PPI, or intermediate-goods-based
PPI) should be included in a simple monetary policy rule.'®

4.1. Model parameters

We begin with the calibration of parameters for the baseline model.
Each period in the model corresponds to a quarter. Following Gali and
Monacelli (2005) and De Paoli (2009), the model economy is meant
to resemble Canada in some key dimensions. The calibrated parameters
are summarized in Table 1.

The subjective discount factor is set to be 3 = 0.99, which implies a
4% annual real interest rate in the steady state. Following Arellano
(2008) and De Paoli (2009), the inverse of intertemporal elasticity of
substitution is set to be o = 2. The parameter in Calvo pricing in both
production stages is set to be a; = ap = 0.66, implying an average con-
tract duration of 3 quarters. Following Benigno and Woodford (2005),
the elasticity of substitution in the consumption bundle is set to be
0 = 10. Consistent with Huang and Liu (2005), we set the share of inter-
mediate goods in production to be ¢ = 0.6.

17 Henderson and McKibbon (1993) have proposed a similar rule.

18 Instead of including all stage-specific price indices in a simple monetary rule, Gong
et al. (2016) consider a CPI-based Taylor rule, a final-goods PPI-based rule, and a
intermediate-goods PPI-based rule. In other words, their rules always include one inflation
index plus an output gap.

We set the shares of goods sold to the domestic markets in both stages
to be a; = a, = 0.7, implying a 30% export share of GDP (approximately
the level observed for Canada since 2010). The parameters @y, a, are the
sufficient statistics for the (exogenous) foreign demand for output in
the two production stages. Following Gali and Monacelli (2005), the pro-
cess of productivity shock is set to follow an AR(1) process with persis-
tence parameter p, = 0.66 and standard deviation o, = 0.0071, which
is calibrated from Canada data. Following De Paoli (2009), the foreign
consumption shock is set to an AR(1) process with persistence pc- =
0.66 and standard deviation 0¢- = 0.0129. We normalize the import tariff
in the baseline numerical exercise to be T = 1 (implying a zero tariff).

4.2. Welfare losses

The numerical estimation is conducted based on the general nonlin-
ear model specified in Section 2 with N = 2. The equilibrium is esti-
mated up to second order approximation (for both the constraints and
the welfare loss function). We define the welfare loss y in percentage
term relative to the steady-state consumption, i.e.,

Ca—p)' =1 _ 1™

_ya
1—-0 1+ =V

EX o

where C and L are steady-state consumption and employment, and V*is
the welfare estimated from a given policy rule.

The aggregated PPI index is a sales-weighted average of producer
prices index:

Tlpp; = (1—(1))1'[111 + WMy

Pin(Yin + Yin)
Pin(Yin + Yip) + Pon(Yan + Y3y)
in the upstream production stage.

We assume that neither the real marginal cost by production stage
nor the relative price gap across production stages can be observed by
the central bank. So they do not enter any monetary policy rule. Within
the family of simple rules, the best that the central bank can do is to
make the interest rate a function of the upstream producer price infla-
tion, the final stage producer price inflation, change in the real exchange
rate, the output gap, and one-period lagged interest rate. Since the PPI
inflation is a sales-weighted average of the first two terms, and the CPI
inflation is a linear combination of the second and the third terms,
there is no need to include these terms separately. We estimate the
optimal coefficients on these variables, label this best possible rule as
Policy Rule 1, and normalize its welfare loss to one. Table 2 reports the
optimally estimated coefficients for ten different monetary policy
rules. The welfare loss for each rule is expressed as relative to that
under Policy Rule 1.° “Peg” in the table indicates a nominal exchange
rate peg.

where ® =

is the relative sales-weight

19 The welfare loss for P1 in Table 2 in term of steady-state consumption is 0.00319%.
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Table 2
Optimal alternative simple rules of monetary policy.

My Moy Tppy Tepy ¢ q 2:7 1 Welfare loss
P1 6.3861 9.8675 0.7570 —1.5549 0.2048 1
P2 5.1882 0.0006 0.0215 1.809
P3 9.9999 0.1000 1.0441 1.031
P4 9.9888 0.0009 0.0004 0.8085 1.022
P5 9.1138 0.0747 0.1697 —0.6933 0.1432 1.003
P6 5.2870 9.9965 0.0001 0.6948 1.009
P7 4.2548 0.0000 0.8757 1.793
P8 2.6975 0.0003 0.8327 1.257
P9 5.2741 9.9825 0.7004 1.009
Peg 2.730
X
Notes: PPI index (sales-weighted): mpp = (1 — ©)my + Oy with @ = P“’)EY”' + ¥in) —
Pin(Yin + Yin) + Pan(Yon + Y33)
CPI index: Mepyr = Mp.
Table 3
Alternative simple rules of monetary policy in literature.
Ty Moy Ticpy ¢ [ Welfare loss Notes
P1 1.5 0.5 5.862 Taylor (1993)
P2 1.42 1.68 0.04 1.12 1.166 Huang and Liu (2005)
P3 1.5 2.661 Gali and Monacelli (2005) - CPI based
P4 1.5 3.843 Gali and Monacelli (2005) - PPI based

A classic Taylor rule that targets only CPI inflation and output gap
(Policy Rule 2) does terribly in this economy. The welfare loss is 80%
higher than Policy Rule 1. The Gali and Monacelli (2005) rule that re-
places the CPI inflation with PPI inflation (Policy Rule 3) represents a
significant improvement over the classic Taylor Rule in terms of a
much smaller welfare loss. Still, the Gali-Monacelli rule is not as good
as Policy Rule 1. That is because, with the input-output linkages across
production stages, the optimal weights on the upstream sector and
final stage inflation terms in Policy Rule 1 are not proportional to the rel-
ative sales of the two sectors. Including both PPI and CPI inflation (Policy
Rule 4) yields a small improvement over Policy Rule 3 (but a larger im-
provement over Policy Rule 2). Adding the real exchange rate to Rule 4
(Policy 5) produces more noticeable improvement over Rules 2, 3, or 4.
Still, Policy Rule 1 dominates Policy Rule 5.

N
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Fig. 2. Relative weight of upstream inflation index in optimal simple rule with respect to
country openness.

Policy Rules 6-9 suggest that inflation measures in both the up-
stream stage and the final stage contain important information.
Dropping either one of them from a monetary policy rule could lead
to a significant increase in the welfare loss. A nominal exchange rate
peg (Policy Rule 10) yields a welfare loss that is 173% higher than Policy
Rule 1, which makes an exchange rate peg the worst option among the
ten rules considered.

To summarize, the best simple rule would target separate producer
price inflation in different stages of production and the real exchange
rate (as well as the output gap). If we have to choose among aggregate
price indicators, PPI targeting is superior to CPI targeting. In fact, at least
with our parameter values, including the PPI inflation moves one not
too far from the best simple rule.

For each type of policy rule, besides optimally estimated coefficients,
we also evaluate a version where the coefficients are imposed using the
values suggested in the literature. Table 3 reports the welfare perfor-
mance proposed by the original Taylor calibration (i.e., Taylor, 1993), al-
ternative rules adopted in Gali and Monacelli (2005), and in Huang and
Liu (2005). The welfare losses in the table are still reported as relative to
that under Policy Rule 1 in Table 2. Evidently, simple monetary policy
rules that target aggregate PPI, or stage-specific producer indices, out-
perform those targeting just the CPI index.

4.3. Comparative statics: effects of openness and intermediate goods share

A country's openness and share of intermediate goods in production
are the two most important features of global supply chains. In order to
study the role of these two factors in optimal simple rules, we conduct
comparative statics on how the relative optimal weight on upstream
sector inflation changes with respect to these two parameters.

We calibrate foreign demand in both production stages such
that the shares of exports in the steady state are the same in both stages
(1—a; = 1—a, =1—a), and both vary from 10% to 90%.

Fig. 2 plots the estimated optimal weight on the upstream sector in-
flation relative to the sum of the coefficients for the two inflation rates in
the two stages, as a function of the openness (measured by the export
share, assumed to be common in both stages of production). As
shown by the solid line, the optimal relative weight on the upstream
sector inflation generally rises as an economy becomes more open
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Fig. 3. Relative weight of upstream inflation index in optimal simple rule with respect to
intermediate goods share.

(although the increase is not strictly monotonic). This is especially
true when the economy evolves from median open to very open
(e.g., an increase in openness from 0.6 to 0.9).

The intuition for this result has to do with the vertical produ-
ction structure. From Section 3.4, the labor shares in the
upstream and downstream stages in the steady state are given, respec-

Yo (1—¢)a
yoi (=g =g -
openness (i.e., a smaller @), a higher share of total employment takes
place in the upstream stage. It is therefore sensible to increase the
weight on the upstream inflation relative to the downstream inflation
in the monetary policy rule. One can infer that, under the classic Taylor
rule (which puts zero weight on the upstream sector inflation), the wel-
fare loss would have grown as the economy becomes more open.

In the same graph, we also plot the relative sales weight of the two
sectors (the thin dotted line) and the relative value-added weight (the
dashed dotted line), respectively. It is clear that the optimal weights
on the stage-specific producer inflation are not proportional to either
sales or value added of the sectors. This means that targeting the aggre-
gate PPI inflation cannot achieve the same level of welfare as targeting
production stage-specific producer price inflation.

We now discuss some sensitivity exercises. First, not all stages of
production are equally open to international trade. To investigate the
importance of this heterogeneity, we infer the degree of openness by
production stage for Canada using information in the World Input-
Output Database (WIOD). We then re-estimate the optimal weights
on the targeting variables in each monetary policy rule and the associ-
ated welfare loss. The results are reported in Appendix E. We find that
the qualitative results are similar to our baseline case. This means that
the observed heterogeneity in openness across production stages does
not alter the basic results (at least for Canada).

Second, we explore different degrees of price stickiness across pro-
duction stages. In particular, we consider two extreme cases: (i) sticky
prices only in the downstream sector (but flexible prices in the up-
stream sector), or &; = 0 and o, = 0.66; and (ii) sticky prices only in
the upstream sector, or &¢; = 0.66 and o, = 0. Details about this exercise
can be found in Appendix . Under the standard Taylor rule, greater
openness leads to a smaller welfare loss in case (i), but a greater welfare
loss in case (ii). The intuition is similar to that of Fig. 2: greater openness
means a greater share of the total employment in the upstream sector.
Thus, a given price distortion in the upstream stage is more damaging
than in the downstream stage.

tively, by Ly /L = . With greater
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Fig. 4. Ratio of the weight on upstream inflation index versus CPI with respect to
intermediate goods share.

Third, we study how the elasticity of substitution at each stage of
production matters for the welfare, and how it relates to the degree of
openness. Intuitively, a greater elasticity of substitution tends to mag-
nify the misallocation from price stickiness. If the elasticity of substitu-
tion differs in the two stages of production, a greater substitution in
the upstream stage magnifies the overall welfare loss, and the effect be-
comes stronger as the economy becomes more open. Details can be
found in Appendix J.

Fourth, we vary the share of intermediate goods, ¢, and compute the
optimal weights under Policy Rule 1. Fig. 3 traces out the estimated op-
timal relative weight on the upstream sector inflation as a function of
the share of intermediate goods in production. The estimations show
that, the optimal relative weight on the upstream sector inflation goes
up as intermediate goods rise in importance.

Since CPI inflation in theory is a weighted average of the final-stage
producer price inflation and the real exchange rate appreciation, we
compute the implied weight on the CPI inflation in the optimal rule
that targets stage-specific producer price inflation rates.2° In Fig. 4, we
trace out the ratio of the optimal coefficient on the upstream inflation
index and the sum of the coefficient on the upstream inflation and the
implied coefficient on CPI as a function of the share of intermediate
goods. A clear upward trend suggests that, in the optimal simple rule,
the weight on CPI should decline as the intermediate goods rise in
relative importance. In other words, targeting CPI alone becomes in-
creasingly sub-optimal as supply chains rise in importance.

4.4. Effects of a higher import tariff

Trade frictions can be thought of as a reduction in an economy's
openness. Let us consider a case of doubling the import tariff (a change
to T = 2). In such a scenario, the shares of the demand for domestic
goods in the two production stages become a; = 0.73 and a, = 0.74,
which are larger than those in the original calibration. The direction of
the change is exactly as predicted by Proposition 1.

While the central bank cannot undo the increase in tariff directly, it
can re-optimize by choosing a different set of coefficients on the vari-
ables in the monetary policy rule. We compute the new optimal weights

20" As shown in the expression for CPI in Section 3.3, the weight on final stage estimated
coefficient is set to be vy, while the weight on the estimated coefficient of exchange rate is
settobe1 — .



S.-J. Wei, Y. Xie / Journal of International Economics 124 (2020) 103299 13

Table 4
Optimal alternative simple rules of monetary policy with higher imported tariff.

My Moy Tppy Tepy ¢ q 2:7 1 Welfare loss
P1 5.0113 8.8786 0.2298 —0.7860 0.1629 1.182
P2 5.2378 0.0000 0.0007 2.144
P3 9.9988 0.1000 1.0509 1.223
P4 9.3569 0.0487 0.0766 —0.5579 0.1445 1.188
Peg 3.310
X
Notes: PPI index (sales-weighted): mpp = (1 — ©)my + Oy With @ = P”l)EY”' +Yin) —
Puy(Yan + Yin) + Pon(Yon + Yo;)
CPlindex: micp, = .
Table 5
Optimal alternative simple rules of monetary policy with lower price stickiness in upstream production.
My oy TIppy Tcpy ¢ q [ Welfare loss
P1 3.1846 9.8760 0.0100 —0.5776 0.0328 1
P2 5.0515 0.0001 0.0038 1.889
P3 9.9981 0.1001 1.0715 1.083
P4 9.8058 0.0240 0.0110 —0.6126 0.0174 1.038
Peg 3.101

Pin(Yin + Y5

Notes: PPl index (sales-weighted): mpp; = (1 — @)y + Oy With @ =

CPlindex: Mcpy, ¢ = ;.

and new welfare losses for the best simple rule, the classic Taylor rule,
the Gali-Monacelli rule, a rule that includes both PPI and CPI inflation
as well as the output gap and real exchange rate but not stage-specific
producer price inflation, and finally an exchange rate peg.

The results are reported in Table 4. Note that the welfare losses are
relative to the case of Policy Rule 1 before the tariff increase
(i.e., relative to the welfare for Policy Rule 1 in Table 2). Comparing
across different policy rules, it is still the case that Policy Rule 1 that in-
cludes stage-specific producer price inflation is the best monetary policy
rule. Afterwards, including PPI inflation and the real exchange rate
would beat the classic Taylor rule. The exchange rate peg and the classic
Taylor yield the biggest and the second biggest welfare losses,
respectively.

Recall from Proposition 1 that, a higher import tariff would reduce
the optimal weight on the upstream sector inflation in the monetary
policy rule relative to that on the final stage inflation. This can be con-
firmed in our numerical exercises. The ratio of the optimal relative
weight on the upstream producer price inflation under Policy Rule 1
has changed from 0.647 in the case of T = 1 in Table 2 to 0.564 in the
case of T = 2 in Table 4.2!

It is important to note that a higher tariff reduces welfare directly, as
we can see from the greater welfare losses in Table 4 relative to their
counterparts in Table 2, in spite of the best adjustments made by the
central bank. If the central bank does not re-optimize, the welfare loss
would have been even greater.

Since Policy Rule 1 already includes the real exchange rate, it implies
that the central bank cannot offset the effects of a higher import tariff by
simply changing the exchange rate. An appreciation in the domestic
currency reduces the cost of imported intermediate inputs or imported
final consumption goods, but also increases the prices of both domesti-
cally produced intermediate goods and final goods. Since the foreign de-
mand is price-elastic, firms will experience a reduction in revenue from
exporting.

4.5. Asymmetric price stickiness

We now consider uneven price stickiness in different stages of pro-
duction. Cornille and Dossche (2008) and Nakamura and Steinsson

21 Note that 0.647 comes from 6.3861/9.8675 in Table 2 while 0.564 comes from 5.0113/
8.8786 in Table 4.

Pin(Yan + Vi) + Pan(Yan + Y34)

(2008) argue that the duration of price contracts in the upstream pro-
duction stages is shorter than the downstream stages. For instance,
Nakamura and Steinsson (2008) document that the median price con-
tract for finished producer goods in 1998-2005 lasts for 8.7 months,
while the median duration of price contracts for intermediate goods is
about 7.0 months.

To investigate the implications of such difference, we reduce the
Calvo pricing parameter in the first stage of production to be a; = 0.5,
indicating an average length of price contracts of 2 quarters.

The estimated results are shown in Table 5, where the welfare loss of
Policy Rule 1 in the table has been normalized to be one. The loss be-
comes smaller as compared to the baseline case in Table 2 since the
prices are less sticky overall. Furthermore, the optimal relative weight
on the upstream producer price inflation also becomes smaller.?? Intui-
tively, it is beneficial to put more weight on those prices that are reset
less frequently, i.e., downstream prices in this case, because resource
misallocation is otherwise more severe.

4.6. Additional loss from sticky monetary policy rules

If a central bank adopted a policy rule that was optimal when the
economy had a lower degree of participation in the global value chains,
but did not update the rule as the participation has increased, what
would the additional welfare cost be?

To investigate this, we continue with Canada as the baseline econ-
omy, with the same exogenous shocks as specified in Table 1. We
choose y = 0.67 (to match the 33% import share in GDP in the data)
and a; =a = 0.69 (to match the 31% export share in the data) in
2017. Similarly, we choose y = 0.75 and @; = @, = 0.74 in 1987. The
data suggests that the country has become more involved in the global
trade from 1987 to 2017 as both the import and export shares have
grown.

By computing an optimal CPI-based Taylor rule for the period
around 30 years ago, we can then estimate the welfare loss if the central
bank had used the old CPI-based Taylor rule in today's world. Table 6
shows the estimated welfare loss in 2017 if the central bank had

22 This is consistent with the findings in Gong et al. (2016). They argue that, when the
degree of price stickiness for intermediate-goods production is high, the central bank
should follow intermediate-goods PPI-based rule. However, in their paper, there is no la-
bor allocation distortion between production stages since labor is assumed to be used only
in the production of intermediate goods.
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Table 6
Welfare loss for adopting old policy rules estimated in 1987.
My Moy Tepy [« q }[71 Welfare loss
New Rule 7.4579 9.5552 0.0187 —0.4054 0.1636 1
Taylor Rule 1.5 0.5 5.8715
Old Rule 1 5.6626 0.0001 0.0043 1.5217
Old Rule 2 7.0811 9.8512 1.3082 —1.8679 0.1636 1.1912

Notes: Old policy rules are estimated from Canada data in 1987, while the new policy rule is estimated from 2017.

CPl index: Mepy = M.

continued to use an old optimal rule estimated in 1987. The welfare loss
for the best new rule is normalized to be one.

The “Old Rule 1” and “Old Rule 2" refer to the optimal CPI-based Tay-
lor rule and the optimal stage-specific PPI-based Taylor rule in 1987, re-
spectively. From the table, we can see that the old Taylor rule (estimated
optimally for 1987) generates a welfare loss in 2017. Furthermore, by
comparing the two cases under “Old Rule”, if the country used to imple-
ment an optimal stage-specific PPI-based policy rule and applies to
today, the welfare loss is smaller compared with the case of adopting
an old CPI-based policy rule.

It is worth noting that, in estimating the old optimal CPI-based Tay-
lor rule for 1987, we already assume two production stages. If, instead,
there was a single production stage in 1987, and the world has evolved
to be two production stages in 2017, then the welfare loss associated
with using the old 1987 monetary policy in 2017 would be substantially
bigger.

5. Concluding remarks

Supply chains are everywhere and are often global. This paper stud-
ies the implications of global supply chains on the design of optimal
monetary policy using a small-open economy New Keynesian model
with multiple stages of production. The optimal simple policy rule that
produces the least welfare loss includes targeting separate producer
price inflation in each production stage (in addition to output gap and
real exchange rate).

Importantly, the optimal weights on the upstream sector inflation
versus the final stage inflation are not proportional to the sectors'
sales or value added. As an economy becomes more open, measured
by the share of export in sales, the optimal relative weight on the up-
stream sector inflation will also rise. Separately, as intermediate goods
become more important in the production, the optimal relative weight
on the upstream sector inflation also rises. In both cases, the classic Tay-
lor rule that targets only CPI inflation would become progressively more
inferior (in the sense of an ever greater welfare loss relative to an opti-
mal rule). As the production chain becomes longer, the optimal weights

in the policy rule on the upstream sector inflation or the PPI inflation
also increases.

Trade frictions can be thought of as a shock to an economy's open-
ness. With a higher tariff, the optimal weights on various terms in the
monetary policy rule would have to change. Importantly, a higher tariff
reduces the welfare directly even if the central bank re-optimizes. In
particular, the negative effect of a higher tariff cannot be offset
completely by a change in the real exchange rate.

If we only consider aggregate price indices in the simple mone-
tary policy rule, then targeting aggregate PPI inflation (as well as
the output gap) is superior to just targeting CPI inflation in terms
of a smaller welfare loss. Adding real exchange rate is even better.
Still, no simple rule produces smaller welfare loss than the one that
includes separate producer price inflation in each production stage
on top of the output gap, the real exchange rate, and the lagged
interest rate.

Is it feasible in practice to obtain separate producer price inflation for
different production stages? Yes, as official statistical agencies in the
United States and Australia already collect such data. For example, the
US Bureau of Labor Statistics has a system of producer price indices fea-
turing a four-stage vertical production chain (called the PPI Final
Demand-Intermediate Demand indices).

Ironically, central banks use information on PPI inflation only to the
extent that it helps to forecast CPI inflation. When PPI and CPI diverge,
as they often do in recent periods, central banks would ignore PPI. How-
ever, our theory suggests that a monetary rule that produces an even
smaller welfare loss includes producer price inflation directly, and
doing so becomes more important precisely when the PPl and CPI infla-
tion rates diverge.

The research in this paper can be extended in a number of directions.
First, the model adopted in our analysis assumes producer currency
pricing (PCP). It may be worth exploring how results may be modified
as local currency pricing or dominant dollar pricing are assumed in-
stead. Second, one may explore a broader set of exogenous shocks
than in the current paper, including shocks on foreign input prices or
foreign demand along the production chain.

Appendix A. Equilibrium characterization with N-stage of production in a small-open economy

A.1. The steady-state equilibrium

We first characterize the steady state with perfect foresight. The steady state is defined as the equilibrium under non-stochastic and constant exog-
enous variables. Since the whole economy does not change with timing, we can ignore the timing index t in all variables,and A, = 1forn=1,2,...,N.
The optimal pricing decision for firms at stage n,n = 1, 2, ..., N, becomes

P?,H:\I’n :PnH:an

and forn = 2, ..., N, we have
— =y —1—

Pn= P(n—l)HP(n—UF

where F(n—l)F = TZPE‘H*])F‘

We solve for the price indices in terms of wages and derive the labor demand function. Note that ¥,, = T’i’W"“’ forn=2,3,..., Nwith ; = W. By
substituting Py, the relationship of output price index across adjacent stages is given by
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PnH = Wl_(b(ﬁn)d)
1-¢ pyd (1=y)$
=W ¢P’(yn—1)HP n—y

forn=2,...,Nand Py = W.
By writing all price indices in terms of wage and exogenous variables through forward induction, we get

-1 (11— n—1
(1—¢)2 (W>> iy $(1—y) =0yl i

Puy = W =T ()" 1Y s ! (P 40 (15)

forn = 2, ..., Nwith Pyy = W.
Since Ppy(u) = P,y for u € [0,1] in steady state, by Eq. (12), forn = 1, ..., N, we have
od
YgH.t(u) =Y,
Together with goods market clearing condition Y,y = ViH, and factor market demand function (9) and (8), for n = 2, ..., N, we get

?i d)l;n [YnH + Y }

n

= (1-0) o Vi + Y]

where 7;’,,, = ycp,,\! VP and L4 = %V?H. By substituting the price index and unit cost function in each stage, for n = 1, ..., N, through backward

induction, the factor demand functions for labor can be written in an implicit form as
Ly = F(W,C.% T, P, - Pup, Paggs = Pigs Yogts =+ Yiuw) (16)

By summing up labor demand across all stages, the total labor demand function becomes
=3I (17)

Therefore, the three Eqs. (1), (6), and (17) fully characterize the steady-state real wage, consumption and employment.

A.2. The flexible-price equilibrium
In this subsection, we solve for the flexible-price equilibrium similarly as for the steady-state equilibrium. In the flexible-price equilibrium, oz, = 0
for vn. The optimal pricing decision for firms at stage n,n = 1, 2, ..., N, thus becomes

POHt—q’nt—PnHt—PnHt
and forn = 2, ..., N, we have

B BY By
Pre=Piu1u P

Similar to the steady-state case, we solve for the price indices in terms of wages and productivity. Note that W, ; = I_Jf7tW3"f’ JAncforn=2,3,....N
with ¥, = W,/A;, .. By substituting P,, the relationship of price index across adjacent stages is given by

_wl-opre (1=Y)$
Pope =W PL e PiniyFe

forn=2,...,Nand Py = Wi/A;, «
By writing all price indices in terms of wage through forward induction, we similarly get
1=y

Oy o1y s

0"
(- 520 (“ T

PnH‘t =W

T () 4 ()

forn =2, ..., Nwith Py , = W/A;
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Due to flexible prices, the expressions for factor market in each stage of production are exactly the same as in the steady-state case. Therefore, we
can derive labor demand function in each stage,ie,n=1,...,N, as

e = F(We,Ceo 8, Te. Py Pigs Passes = Phines Yiseo = Vi Aves -, Ane)

where we denote the labor demand under flexible prices with an upper symbol f.
The total labor demand function becomes

N
o as)

n=1

The three Egs. (1), (6), and (18) fully characterize the real wage, consumption and employment in the flexible-price equilibrium, where the con-
sumption can be written in

Cf = F(Te.Pipe - Piee P = P Vi Vi A - A )
which can be re-written in log-linearized form, i.e.,
th = f<fnP§ Fto s PNEe Prbes = Pee Yare = YNH.e 01,65 "'7aN.t)
By Euler Eq. (4), the IS curve is characterized by
o =E (c{+]> - %[it—Et(ﬂm)—P]
which implies the natural rate of interest as
T :p—s—oE[{ctfH—c{} (19)
A.3. The sticky-price equilibrium

We now derive New Keynesian Phillips curves for each stage as a function of the relative price gap and the output gap, and characterize the equi-
librium with sticky prices. Similar to the derivation in Gali (2015), in each stage of production n = 1, 2, ..., N, firms' optimal pricing decision gives

Tyt = BEMp i1 + )\n'sln,[

(1—Pe)(1—an)

O

Yoe = In(Wne/Pops)— In(¥y/Poy)

where \;, = and 7, is the log-deviation of real marginal cost from steady-state equilibrium, i.e.,

where ¥, and P,y are the marginal cost and aggregate price in stage n, respectively, in the steady-state equilibrium.
Given Ppy¢ = Poy forn = 1,2, ..., N and the production cost function, we have for stagesn = 2, ..., N

’yn,t = yd)gnH,t + (1 _'Y)d)gnF.t + (1 _d)) (Wt _i’nH.[) —nt

where g, and g, are the log-deviation of the relative output price gap with respect to input prices from the steady-state equilibrium, i.e., £, ;
I_J(n—l)H,r I_J(n—l)H N T’(n—])F.t ﬁ(nq)F . = . L .
=n —In ,and g = In —In . Since Pip_1)n¢ = P(n—1)n,t» &ar1,¢ AlSO indicates the log-deviation of the rela-
nH.t Py ' PnH,t Py ¢ ' ’
tive output price gap between adjacent stages n and n — 1 from the steady-state equilibrium. By the definitions of g, and g, we also have

Pubie = Prbe + 3 p 18 forn =1, ., N — 1.
Following Huang and Liu (2005), without loss of generality, we assume ¢» = 0. Then, from Eq. (3), we have w; — p; = oc,. By substituting w and
Py into the real marginal cost function, forn = 2, ..., N — 1, we obtain
’yn‘t = ’y(bgnH,t + (1_7)¢’gnF.t
+(1=¢) [0t —(1=Y)Prc + (1=Y)Pree—Z 18| e
andforn=1orN

Yne = YPEnue + (1—=Y)dEnpe + (1—P) [0C—(1—=Y)DPre + (1—"Y)Dre]) —Ane

Yie = 0C—(1—Y)Pu, + (1 _'Y)ﬁNF‘t_Ei'V:ZgiH.t_al,t
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Note that p,r, = & and g,z = & —ppy, forn =1, ..., N, and g, = y(é;—Pyy,). We can simplify the above system of equations by plugging in
PuF.o» 8nv.e» and replace é; with the real exchange rate g,.

After log-linearizing the Euler equation of the household around the steady state and subtracting the natural rate IS curve, we obtain the IS curve
with sticky prices as

. N 1
G =Elii— {lt_E[(nH])}

The law of motion for the relative price gap between stagesnand n — 1, forn = 2, 3, ..., N, is characterized by
8nrt = Enre—1 + Mn—1)He —TnH,t

Given the policy rule {i,, &}, the risk-sharing condition (7), the IS curve, the stage-specific Phillips curves, and the law of motion for the relative
price gap fully pin down the dynamic equilibrium under sticky prices.

A4. Stage-specific employment in a small-open economy with N-stage production

We derive the stage-specific employment gap in terms of output gap and relative price gap. By the factor demand function (8), (9), and (12) in
each stage, and substituting with the unit cost, forn = 2, 3, ..., N, we have

InLye = In(1=) + & [InPrc— 1MW, —Innc + In Vi, + Vi, ] + due (20)

—
where d,,; = ln(fol (P';f(u)> du> and InL; ;= — InAy; + In Yy + Yind + die
n_t

By the factor demand function for intermediate goods and labor in each stage, i.e,, Egs. (8) and (9), forn = 2, 3, ..., N, we obtain
Ly =1In (1?7(#) +InPy_1—InW; + ln?ﬁvt
Also, note that

—d =
_ yyn,rpn.[
p(nfl)H,t

d
Y1)

Then, by substituting InY%,;, using InL,; and ln?fn +1),¢ into Eq. (20), we obtain via backward induction the relationship for the stage-specific
employment, i.e,, forn =2,3,...,N,

It = lns1e + dne + Fo <6t~,et7 be,@ig, e ONE DT E s ---7137\15{7132;117 ---7P7VH,[7)’,*1H,U ---J’fm,ngyn ----,gNI)

where [, = InL,.

Appendix B. The aggregate CPI inflation with two-stage production
Given exogenous foreign variables and import tariff to be constant, the aggregate CPI inflation index can be written as

M = Yo + (1—y) A6
Since q; = y(é:—Dyy ), wWe have

A
Aey = % + Map e
Then, the aggregate CPI inflation can be re-written as
T = Yo + (1—Y) A6

1—vy,.
=Tyt +—A
2Ht v Ay

Appendix C. Stage-specific employment with two-stage production
We derive an explicit expression for the employment gap with two stages of production, i.e., N = 2. As specified in Section A.4, and also note
that W, = Yoy, + (1=Y)P2s ¢ + OCt, Pipe = 8o + Dot a0 Py = Pyr, = &, We have for the second stage*’

23 We have imposed the assumption of s = 0.
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12,t = d’b’le,t +(1 —V)IA’]FI—VAVt] +ay ['Yf’zH.z + (1=Y)P2rs—Dame + ét}
+ (1=ay)(ér—Poy) — o + day
= ¢V —0C] + @ [(1—Y)(ec—Pone)] + (1—02) (& —Papy) — G2 + dag

ay.
yqt—az.t +dy¢

_ N . 1—
= (@—dO0)Cr + PYZ s +

= o
. . PytY. 1wPi®
where, in the first equality, we have used YlliH,t = yg’t = )1(‘;“ = Y”}’)Il):i [. YSHI = XC[P[
1Ht :

Y5uPoue .
,and Y4, , = ~2L2H7L: the last equality uses the
2H.t ’ Pop

condition that g; = y(ér—Dop¢)-
For the first stage, the employment is given by

N _ (= ~d . o a .
Lhe=0a (Pz,r +y2,t_le.t> + (1—=ay) (ec—Pipy) + drc—0ais

= (1272; + W + iz,t—l%z,r—f’m,r) + (1=a1)(éc—Pipy) + dre—a1s

= ily + @ [Ypo, + (1 =Y + 0C—8ou ¢ —Poue] + (1—W1) [€—Pon—8om ] + dre—ar,
=[—010¢ + 10z + 610]Ct + [A1dY—1]Gom

1+a—ayy—aiay,. _

! ;IV ! qut +aidye +dy—a—a1az;

R d N ~
where the second equality uses the condition that [ ¢ = y, ,—W¢ + Dy

Appendix D. The steady-state share of the domestic demand in total demand with respect to import tariff

We characterize how the import tariff affects the steady-state share of the domestic demand in total demand in both production stages, i.e.,a; and
d,, as specified in Section 3.

By the definition of @, we have

a; - yCP
-G VauP?

(o) 1/
:’YC*(PtB “PF%Z]/U
YyuPau

1-1/0

« (o 1/0
:VC (P[) ‘ {{W1*¢+7¢(;§T)(1*'Y)¢'(P’;F)(lfy)ﬂs]‘y[ZTPEF}]*Y} ;51/(7

YouPou
“P;

1/0
where the second equality uses C = C” <P—> and the third equality uses the condition specified in Section 3.1. Since W = #P*(C*)” under the
t

assumption of ¢ = 0, by plugging W into the expression of @, /(1—a,), the domestic price indices all cancel out (including the nominal exchange
rate) and thus we have

(a=n+m(1-3)

1—a =fax) T

where f,(«) is a function of exogenous foreign variables.
For the first stage, we have
_ — _d
aq ’yP2 YZ

=@ 7PV

YbPon (YE’H + Y’fﬂ)
“PiuYin

_ v Poy Yy
PiyYiy €0

_ b P
PiyYig&a,

_ b YouPoy
PiyYiy 1—a;

where we have used — 2 — *VL in the last equality. Therefore, for @;, we have
1—ay YouPu®
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a 1
=g — 2001,

where f;(«) are functions of exogenous foreign variables.

Appendix E. Heterogeneity in openness across stages

To explore the role of heterogeneity in openness across stages, we calibrate the export share in each stage for Canada by exploiting the input-
output data from World Input-Output Database (WIOD). We choose the year of 2007 as the calibration target to avoid possible contamination
from the Great Recession and the European sovereign debt crisis. The shares of exports along the production chain are set to bea; = 0.74anda, = 0
.88; other parameters are as specified in Table 1.2 As shown in Policy Rule 1 of Table 7, the relative weight on the stage-specific PPI for upstream
production is 0.552 (=5.4553/9.8780).

Table 7
Optimal alternative simple rules of monetary policy with heterogeneity in export share along production chain.
Ty oy Tlppy Tepr ¢ q Bt Welfare loss
P1 5.4553 9.8780 0.1189 —0.6283 0.1577 1
P2 5.1281 0.0001 0.0051 1.806
P3 9.9997 0.1000 1.0690 1.033
P4 9.9647 0.0022 0.0024 —0.4452 0.1478 1.005

Pin(Yin + Y5y

Notes: PPl index (sales-weighted): mpp; = (1 — @)my + Oy With @ = .
Pip(Yan + Vi) + Pan(Yan + Y3h)

CPlindex: mcpye = m,.

Appendix F. N-stage production in a closed economy

We consider the case of N-stage production in a closed-economy, and focus on the effects of lengthening of production chain on welfare loss func-
tion. We can similarly characterize the equilibrium (shown in Appendices F.3-F.5) as in the case of the open-economy model with two stages of pro-
duction. In the closed-economy model, since the distortion from monopolistic competition is assumed to be corrected by a subsidy tax, the only
distortion in the economy comes from sticky price. Thus, the flexible-price equilibrium is Pareto optimal and we can write each variable in the de-
viation from flexible-price equilibrium. The shocks considered in this section are stage-specific productivity shocks.

F.1. A utility-based objective welfare loss function for optimal monetary policy
Similarly to the derivation in Section 3.4, the household's utility function is given by

E3; oB'U(C)—V (L))

Cl —o_1q L} +
_ =t _

where U(C¢) = =0 and V(L) 1

A second-order Taylor expansion around steady state (C,L) for the period utility of consumption gives

U(Cy)—U = U.C (é[ + 1_7"6?> +tip.

where ¢; denotes the log-deviation of consumption from steady state. To write the output gap in terms of the gap between the output with sticky-
price and natural output (flexible-price equilibrium), the period utility of consumption can be re-written as

N - .
U(C)—U=U. (ct +Tocf + (1—()’)thct> + t.ip.

where ¢; = c[—ctf and ¢ is the log-deviation of consumption in the flexible-price equilibrium from the steady-state equilibrium.
By labor market clearing condition, we obtain the second-order Taylor expansion around steady state for the period utility of employment, i.e., V
(Lt)' as

N Ln s 1:2 .
V(L)—=V=V.L ZT e+ 5k | ¢ +Eip.

n=1

where L,/L is the share of labor demand in stage n in total labor demand under steady state, given by Eqs. (23) and (24) in Appendix F.3, and we have
imposed the assumption of ¢y = 0. More specifically, the stage-specific labor share under steady state is given by

Lo _

L (1_¢)¢N_n«,n:2,3,...,N

24 From the WIOD dataset, the export share in intermediate goods of Canada (including goods and services) is about 26% in 2007 and the export share in final demand is about 12%. It is
worth noting that the export share in intermediate goods from WIOD is the ratio calculated through gross output of intermediate goods, which is lower than the corresponding ratio in
value added term.
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L_l _ d’N_]
L

The period utility of employment can then be re-written as the gap between labor demand with sticky-price and the log-deviation of labor de-
mand with flexible prices in each stage, i.e.,

N[ 12 5 .
V(L) =V = vLL{ZL”[lM +ohe+ zgtz,u} } +tip (1)

n=1

where in‘f = ln,[—lﬁ_t.
As shown in Appendix F.8, the stage-specific employment gap in terms of output gap and relative price gap forn = 2, 3,..., N — 1 are given by

B N - N
he=d |:Zgi,t_0_&t + i1 — { > 8i—OC| +dne
i=n i=n+1
with
Ine = &8y —OCt] + G + dnyt
~ ~ N - -
Lhe=he— [Zgi.t_ocl +dig
i—2
1 (Prc)\™? o o . . .
where dn; = In{ [, B du ) measures the price dispersion in stage n. Details can be found in Appendix F.8.
n.t

For simplicity, we denote

N ~ ~ ~ N
ln.t = fn (gn_u "'7gN.t) + k(n)ct + Z di,t

i=n

N
l]_[ = f-l (gl.[7 ...7gN>[) + ’((1)&{ + Zdi=t
i1
where k(n) = (N —n)(1 —¢)o+1—¢oforn=2,3,...,N,and k(1) = (N —1)(1 —p)o+ 1.
Then, by summing up U(C;) — Uand V(L;) — Vand also noting that the efficiency of steady state implies U.C = VL in the closed-economy, the first
order terms all cancel out, and only the second-order terms are left. The welfare loss function as a fraction of steady state consumption is thus
given by

Wy 3o pUCO =Vl =(U=Y)

U.C
0 N " (22)
= —5Eo Zﬁf{ ~(1=0)G + > F KM+ fa(@nes - 8n)]* + Zoqb”‘gx;‘nﬁ_[}
t=0 =1 n=1

n=

whereLT” =(1—¢)p" " forn = 2,3, ...,NandLT]: SN

Appendix G shows the welfare loss function for the case of N = 2 and N = 3 without abbreviation (i.e., expanding -, k(n), and f,(-) for n).
In general, monetary policy cannot attain a Pareto optimal allocation except in special cases with restrictions on productivity shocks. We proceed
with the following proposition.

Proposition 2. In the closed-economy model with N stages of production and labor being used in each production stage (i.e., 0 < ¢ < 1), there is
no monetary policy that can replicate flexible price equilibrium (Pareto-optimal allocation) unless the stage-specific productivity shocks satisfy
Sl — 1)Aa; ¢ + Aa,, = 0 forn =2, ..., N and for all .

F.2. Discussion about the terms and coefficients in welfare loss function
There are three main parts in the welfare loss function: (a) output gap, and terms measuring stage-specific unemployment gap written in output
gap, (b) the relative price gap, and (c) terms measuring stage-specific inflation. More specifically, as showed in the expression of welfare loss function

(22), the coefficients before output gap Ef and the stage-specific inflation, i.e., 12 . for Vn, are all positive.2° Therefore, similar to the standard welfare
loss function (e.g., Rotemberg and Woodford, 1999; Woodford, 2003), the objective for a benevolent central bank still includes stabilizing output gap
and inflation (i.e., the final stage inflation corresponding to typical “inflation” in the literature).

25 Details about the proof can be found in Appendix H.
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Besides the output gap and final-stage inflation, there are many more terms included in the welfare loss function, classified by those measuring
stage-specific unemployment gaps and stage-specific inflation. It suggests that the central bank should not only care about the output gap and CPI,
but also need to pay attention to the variations in PPI inflation and the gaps of the real marginal cost in the production of intermediate goods.

Importantly, as shown in the expression of welfare loss function (22), by aggregating the terms of output gap 6?, the coefficient before output gap
is Zjﬁ’:]LT"k(n)2 —(1—0), which is a function of the production structure, and changes with the number of total production stage N. In contrast, the
coefficient before CPI (i.e., the final stage inflation 11, ;) is a constant @Ay .. That is to say, even the central bank follows the Taylor Rule, or the mon-
etary rule suggested by Huang and Liu (2005), i.e., targeting both CPI and PPI, the optimal weights before output gap and CPI (or PPI) are changing
with the production structure of the economy.

The welfare loss function with multi-stage production indicates that targeting both CPI and PPI are not satisfactory. Instead, the central bank needs
to pay attention to all stage-specific inflation along production process, especially in the case of lengthening production chain. Those terms measuring
stage-specific inflation, i.e., >_h—10¢" "\, 2 ,, in welfare loss function have two important implications. On the one hand, given the total number of
production stages N and the price stickiness being the same across different stages, the coefficients before inflation in downstream stages are larger
compared with those in upstream stages. On the other hand, as the number of total stages N increases, there are more terms of upstream inflation
included in the welfare loss function, while the terms for downstream inflation do not change. In the latter case, the relative importance of final
stage inflation (i.e., CPI) in welfare loss function becomes smaller, while the inflation in upstream stages becomes relatively more important. That
is to say, as the production length becomes longer, the central bank needs to care more about inflation in intermediate stages but less on the final
stage inflation (i.e., CPI).

From the perspective of practice, if the stage-specific inflation cannot be attained, PP], as a sales-weighted price index for intermediate goods
across all stages, can be a proxy. But, in general, if PPI index is available, the information used to construct PPI index is likely enough to construct
the stage-specific inflation. For instance, the PPI program of US Bureau of Labor Statistics not only constructs an aggregate PPI index, but also con-
structs stage-specific inflation indices in a four-stage vertical production framework with the same underlying data.?® Their idea in constructing
this system of indices is to choose the total number of stages and assign industries to stages of production in such a manner that simultaneously max-
imizes the forward goods flows along the vertical chain while minimizing backward flows and internal goods flows within the system.

F.3. The steady-state equilibrium
We first characterize the steady state with perfect foresight. We drop the time subscript ¢ for all variables, and setA, = 1 forn =1, 2, ..., N. The op-
timal pricing decision for firms at stage n,n = 1, 2, ..., N, becomes

P, =Wy,
By aggregate price expression (13), in the steady state, we have
P, =P, =¥,
Now, we solve for the price indices in terms of the wages and derive the labor demand function. Note that P, = P, forn=1,2,...,N — 1,and
I = F:W]“i’ forn = 2,3, ..., Nwith [} = W. By substituting P,, the relationship of price index between adjacent stages is given by
Py =W, _)?
forn=2,...,Nand P; = W.
By rewriting all price indices in terms of wages, it comes
Pn _ W17¢"71 (P1 )d)n—l
=W
forn=2,..., NwithP; = W.
Since P,(u) = P, for u € [0, 1] in the steady state, we have

—d
Yg—l.t(u) = Yn,t

Together with the goods markets clearing condition Y, = Y, and factor market demand function (9) and (8), forn =2, ...,N — 1, we obtain

n+1.t

od [hod
Yn = d)ﬁ_nynﬂ
n

[h od
Lt = (1) Yoo

where Yy =C, Yy = d)IE)—NC, =q —d))rWI; C,and L‘f = FW]VS By substituting the price index and unit cost function in each stage, forn = 2, ..., N, the
N

factor demand functions for both labor and composite intermediate goods are given by

26 Details for the stage-specific inflation indices constructed by US Bureau of Labor Statistics can be found at https://www.bls.gov/ppi/fdidsummary.htm, or Weinhagen (2011).
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d
n

V _ ¢N+1—nc

Lj = (1=¢)9""C (23)
s pd _pd 27
with L] =Y.
By summing up the labor demand across all stages, the total labor demand function becomes
N

1= [a-e)etc] + oM le (24)

n=2
With the labor supply function (1) together with the price index, the labor supply in the steady state becomes

"o =1 (2)
Given [? = L, the two Eqs. (24) and (25) fully characterize the steady-state total consumption and total employment.

F4. The flexible-price equilibrium

In order to obtain efficient allocation in the model economy, i.e., the natural rate of the output, we solve for the flexible-price equilibrium in a sim-
ilar way as in the steady state. In the flexible-price equilibrium, c;, = 0 for Vn, and the optimal pricing decision for firms at stage n,n =1, 2, ..., N,
becomes

P;.t =Tn¢

By the aggregate price expression (13), we have

Pn‘t = P;,[ = rni

Similar to the steady-state case, we solve for the price indices in terms of wages and productivity. Note thatPy ¢ = P, q(forn=1,2,...,N — 1,and

[he = TJ",;_tw}*d’ JAn: forn=2,3, ..., Nwith I'; = W,/A; .. By substituting P, , the relationship of price index across adjacent stages is given by

Poe =W (Poi10)® /Ane

forn=2,...,Nand P; = W/A; .
By writing all price indices in terms of wage, we obtain
-1 n—1 _n—
Poe =W (P T4

g (26)
=WIT_, A/

forn=2,...,N.
Similar to the derivation for the steady-state case, the labor demand function in each stage in flexible-price equilibrium is given by
— —_ U
Lie = (1=¢)" T A L 7 (27)
forn=2,3,..,Nwith[{, = ]iLg_’t. Details can be found in Appendix F.6.

Therefore, the total labor demand is given by
_ 4N-n
L =AY G (28)

where 1) is a constant, and it is given by

T’:

N
n=2

[(1=¢)e""c| + 4"
By the labor supply function (1) together with the price index, we know

e =, Ad" (29)

27 The labor demand in each stage can be viewed as a form of backward deduction (which is helpful when taking log-linearization), i.e.,

Ld=old,,n=2,....N
4=
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After taking log-deviation from the steady state for both the total labor demand (28) and the labor supply (29), we get

N
V- [Z d)N_naM} (30)
n=1
and
N
‘/jl{ + O_C{ = Z d)N_nath (31)
n=1

where the variables in lower case with an upper symbol f denote the log-deviation of flexible price equilibrium from the steady state.
Therefore, the log-deviation of output from the steady state under flexible prices ¢/ is given by

By the Euler Eq. (4), the IS curve is characterized by

E[< r+1) 1 F[_Et (N1 )]
which yields the natural rate of interest as
re =ie—Ee(ne) +p
~p+on{dd )

Given the expression of output and the process of productivity shocks, we have

m—p+ 2, {zw "Aanm] (32)

where Aa,, = a,, ¢ — a,, (1 is the growth rate of productivity in stage n.

F.5. The sticky-price equilibrium
We now derive New Keynesian Phillips curves for each stage as a function of relative price gap and output gap, and characterize the equilibrium
with sticky prices. Similar to the derivation in Gali (2015), in each stage of production n = 1, 2, ..., N, firms' optimal pricing decision gives

Tne = BEtTn i1 + AV

where A, =

(A=pay)(1—0m)
Oy

and vy, is the log-derivation of the real marginal cost from the flexible-price equilibrium, i.e.,

i’n‘t = ln(r",t/PnI)_ln (rg,t/Pg,t)

where Iy (and Py ; are, respectively, the marginal cost and aggregate price in stage n in the flexible-price equilibrium.
Following Huang and Liu (2005), without a loss of generality, we assume that ¢ = 0. Together with the labor supply function (29), forn =2, 3, ...,
N — 1, the log-deviation of the real marginal cost can be written as a function of relative price gap and output gap, i.e.,

'Ynt - (;bqnt + 1 d) [UCt Z gz t:| (33)

i=n+1

N
Y1 =0C— Zgi‘t

i=2

Yne = P8y + (1—P)oCe

f
Pnflt

pr : ) Details for Expression (33) can be found in

nt

where g, , is the relative price gap between stage n and stage n — 1,i.e, g,, =In <P;;“> —ln<
nt

Appendix F.7.
After log-linearizing the Euler equation around the steady state and subtracting the natural rate IS curve, we obtain the IS curve with sticky prices as

_ _ 1.. ~
Ct = EtCriq —*[lr—Et (nN,t+1) _rrt]
(e}

where 77; is the natural rate of interest.
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The law of motion for the relative price gap between stage n and stage n — 1, forn = 2, 3, ..., N, is characterized by

gn,t =8nr—1 + ﬂn—l‘f—ﬂn‘r—Agﬁ_[

where Agl,; = gl — gh.—1. By Eq. (26), we have
n—1 .

Agh =Y " (b= 1)Ady + Ay
P

Give the monetary policy rule, the Phillips curve, IS curve, and the law of motion for the relative price gap fully pin down the dynamic equilibrium
under sticky prices.

F.6. The labor demand function in the flexible-price equilibrium

Similar to the steady-state equilibrium, we derive the labor demand function in the flexible-price equilibrium. Note that, with flexible prices, P,(u)
= P, for u €[ 0, 1] and we then obtain

—d
Yg lt( ) Ynt

Together with goods markets clearing condition Yy, = Vi +1.» and factor market demand function (9) and (8), forn = 2, ..., N — 1, we obtain

l"nt —d

nt - (157 11+1,[
F
nt - ot Yiﬂ t
I I [¢od
where Yy, = G, Yy, = ¢ﬂq, Iy, =(1- ¢)ﬂct, and th = Ml/f Y5,
Note thatPns = Py, tfor n=12,..,N—1, and Tne =Py W, qg/Am forn = 2,3, ..., Nwith I'; = W;/A; .. By substituting the unit cost function in

each stage, forn = 2, ..., N, we obtain the labor demand in each stage as follows:

i ¢ Wi 4

ynt 1 ¢Pn 1t n.t

and thus
Po1cf We \'?

d _ P t 17d

LnJ - d’ Pn,t <Pn—1,t> AnthH t
1 ¢ W

d _ trd

M = A TP e

One can derive the labor demand in each stage via backward induction (which is helpful when taking log-linearization), i.e.,

mfd)LnHt n=2,...,N

L, = ¢ ¢L

Note that LY, = (1 —qb)%q, which indicates
t

— N
Lie = =9I AL "G
Therefore, for n = 2, 3, ..., N, we obtain the labor demand function in each stage as
— -_— N-—;
Li, = (—d)¢" "I A Y "G

¢

w1thL1t71 -

d
L2t

F.7. The log-deviation of the real marginal cost from the flexible-price equilibrium
Note that, forn = 2,3, ..., N, [ = If’itW}"‘S /An and Py, = P, _q .. The log-deviation of the real marginal cost is given by

e = In(Tae/Pre)=In (T /Py
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= O[In(Paro/Pr) = In(Poy /P )| + (1) [In(We/Pac) =In (W] /P, )]

Denote g, = In (Py—1, ¢/Pn,¢) and g, = ln(Pn,l_t/Pn‘t)—gﬁ‘t. Forn=1,2,...,N — 1, we have

N
InP, = Z 8i¢ + NPy

i=n+1

N
SPnt = Z 8it T Dngt

i=n+1

Also, by the labor supply Eq. (29), by assuming ¢y = 0, we have
Wt _pN,t = O0Ct

Therefore, for n = 2, 3,...N — 1, the log-deviation of real marginal cost can be written as
?n.t = d)gn,t + (1_‘15) [Wf _ﬁn‘t]

=gy + (1—9) [o¢ + ﬁN.t_ﬁn,t}

N
=¢Zn + (1—9) {UEf— Z gi‘t:|

i=n+1

with Yy, = dgn + (1—)OC:.
Similarly, for the first stage n = 1, since ['; = W/A;, ,, we have

Y1t =Wt D1t

N
=06— Zgi,t
i2

F.8. Stage-specific employment gaps in a closed economy with N-stage production
We derive the stage-specific employment gap in terms of output gap and relative price gap. By the factor demand function (8), (9), and (12) in
each stage, and substituting with the unit cost, forn = 2, 3, ..., N, we have

InLy; = In(1—) + GNPy — W] — Ay, + IV, , + iy

<:>ln,t = ln(l —d)) + d)[p,,,u—wt} —dnt + ln7g+1_t + dn.[

—6
where dy ln( n (P 'Igf(”)) du> and = —ay, + Ve, +di..
nt

By the factor demand function for intermediate goods and labor in each stage, i.e., Eqs. (8) and (9), forn = 2, 3, ..., N, we get

1— _
lhye=1In (%) +Dn—1— Wt + lnY:At

Note that Yz‘t = C;. Then, by substituting Inl_/z 1. We obtain the relationship for the stage-specific employment i.e., for the stage of n = N, via
backward induction as

Ine = IN(1—=¢) + d[py_1—We| —an + € + dne

forn=2,3,...N—1,

e = I0() + S[P1,e=We] =ane + bt o= [Pre—We] + dne
forn=1,
l]'[ = —ayit+ 12.[_ [th_Wt] + d].t

As shown in Appendix F.7, forn = 1,2, ..., N, we have p,, ; = >N, . 18; : + DPn, » and, by assuming ¢ = 0, w; — py, ; = Oc.. The stage-specific
employment can be written in terms of relative price and output as, for n = N,

Ine =In(1—¢) + ¢[gN,t—UCt] —an¢ + G+ dny
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forn=2,3,....N—1,

N N
Zgi‘t_o_ct:| _an,t + ln+1.t_ { Z gi,[_o-ct

i=n i=n+1

ln,t = ln(d)) + ‘»b + dnm

forn=1,

N
he=—ayc+b— |:Zgi‘t_o_cf +dq

i=2

By subtracting the corresponding equations for the flexible-price equilibrium, the stage-specific employment gap in terms of output gap and the
relative price gap is given by, forn =2,3,...,N — 1,

. N
he=¢ {Z 8i—0C + dnyt

i=n

. N
+lre— { Z 8 —0G

i=n+1

with

Ine = & [8ne—OCe] + Cc + dnyt

o N
he=hi— [Zﬁi‘[—gft +dq;

i=2

Therefore, by forward induction, the stage-specific employment gap is given by, forn = 2,3,...,N — 1,
B N
e =¢ |:Zgi,t_o_(~:t
i=n

with

+ dp

~ N
+hre— { Z 8i—0Ct

i=n+1

iN.,t = d)[gN,t_O_Et} +C + dN‘t

~ ~ N - -
Lhe=he— [Zgi.t_oct +diy
i=2

Appendix G. The closed-form welfare loss function for the case of N = 2 and N = 3 in a closed economy
To illustrate the welfare loss function in the closed economy, we show the analytical welfare loss function for the cases of N = 2 and N = 3 without
abbreviation. For the case of N = 2, by Appendix F.8, the stage-specific employment gap in terms of output gap and relative price gap is given by

Ly =(1+0—0) + (d—1)gy, + di¢ +do;

Ly = (1—0¢)C + $gy ¢ + dae

Since LTl = ¢ and Lf = 1—¢, by plugging into Eq. (22), the welfare loss function with N = 2 is given by

1O . - _ _
W= —3E > B{oG +d(1-¢)[0t—8s ) + 0 '3, + 60N, 'F, }
t=0

which is exactly the same as in Huang and Liu (2005).
Similarly, for the case of N = 3, the stage-specific employment gap in terms of output gap and relative price gap is given by

L= (1+20-200)Ct +2(dp—1)83; + (¢—1)8y; + di¢ + oy + d3;
Le=(1+0—200)& + (20—1)&3, + ¢y, + doe + d3¢

Lo = (1—0)E + d@s, + ds;

Since £ — ¢, sz =

I d(1—o) andLT3 = 1—¢, by plugging into Eq. (22), the welfare loss function with N = 3 is given by



W= — %Eo iﬁ‘—(] —0)& + ¢ [(1420—200)C; + 2(d—1)g3, + (p—1)g,)
+(1=d[(1 + 0—209)E + 2d—1)83, + d8,)?

+(1—¢)[(1—0)ec + b3, )

+OA; 'S + 0N, 'S, + 0PN '3,
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Appendix H. The proof for a positive coefficient of the output gap in the welfare loss function in the closed economy

The coefficient of output gap Ef in the welfare loss function (22) is given by
—(1—-0) + iL—"k(n)z
n=1 L

Note that the stage-specific labor share under the efficient steady state yields

LT":(l—d>)¢N’”,n:2,3,...7N
Ly N1
= ¢
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and k(n) = (N —n)(1 —¢)o+1—¢oforn=2,3,...,N,and k(1) = (N — 1)(1 — ¢)o + 1.1f 0> 1, then obviously f > 0; otherwise, since ¢ < 1

and o < 1, it is obvious that k(n) > 1 — o¢ > 0 for Vn.
Therefore, in this case,

N
f=-(01-0)+3 Fkn?
n=1

N L
>—(1-0) + ) _(1-0d)7k(n)

n=1

= (1—-0¢)—(1-0)

=0(1

In other words, the coefficient on the output gap in the welfare loss function is always positive.

—)>0

Appendix I. Trade balance and optimal simple monetary policy rules

Instead of imposing the risk-sharing condition as specified in Section 2, we now assume that the households have no access to the international
asset market (i.e., they live in financial autarky). By construction, goods trade has to be balanced (and the risk-sharing condition no longer holds).
Under this assumption, the aggregate expenditure must be equal to the aggregate income, i.e., W.L; = P,C..

2
The balanced trade condition in the steady state also requires the value of exports to equal that of imports, i.e., 1 = al(l —d) + d)%. By replacing
2 201

the risk-sharing condition with balanced trade, we estimate the general nonlinear model (with N = 2) and approximate the equilibrium by a second-
order expansion. The shares of goods sold in the domestic markets in the two stages are set to be @; = @, = 0.6 in order to satisfy the balanced trade
condition. All other parameters are the same as in Table 1.28

Table 8

Optimal alternative simple rules of monetary policy under trade balance.

My Moy Tlppy Tlcpr ¢ q fe—1 Welfare loss

P1 3.0339 5.0303 2.1428 —3.4481 0.2182 1

P2 49154 0.0000 0.0001 1.752
P3 9.9707 0.1012 1.0215 1.055
P4 9.9997 0.0001 0.0000 0.7661 1.040
P5 6.0028 0.1431 2.0563 —3.3121 0.1726 1.011
P6 5.5358 9.9393 0.0021 0.5837 1.021
P7 5.5339 0.0002 0.7914 1.767
P8 2.9431 0.0012 0.7929 1.301
P9 5.5710 9.9870 0.5809 1.021
Peg 2.148

Notes: PPl index (sales-weighted): mpp = (1 — @)my + ©my with @ =

CPl index: Mepyr = M;.

Py(Yip + Y5

Py (Yan + Vi) + Pan(Yan + Y34)

28 Under the assumption of a balanced trade, a shock on foreign consumption is inconsequential for the domestic economy.
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With this new structure of the model, we re-estimate the optimal weights for each of the simple monetary policy rule discussed in the main text,
and compute the associated welfare loss (relative to the best simple rule). Table 8 presents the result.

By construction, Policy Rule 1 that targets the producer price inflation in all stages of production, plus the output gap and the real exchange rate, is
the best rule among the family of simple rules. Given the differences in the model structure, it is not surprising that the estimated optimal weights on
various variables and the numerical values of the welfare losses for the policy rules are different from those in Section 4.2. However, it is noteworthy
that the relative welfare ordering of the simple rules is the same as before. In particular, the conventional Taylor rule (Policy Rule 2) that targets only
the CPIlinflation and output gap is associated with a sizable additional welfare loss, even with optimally estimated weights on the targeting variables,
when compared with the best simple rule. An exchange rate peg (Policy Rule 10) produces the worst outcome among the ten policy rules considered.

Rules that allow for targeting both stage-specific producer inflation rates (Policy Rules 6 and 9) or both PPI and CPI inflation rates (Policy Rules 4
and 5) do substantially better than either the conventional Taylor rule or the exchange rate peg, even if one forgoes the real exchange rate or even the
output gap.

The fundamental intuition for these relative welfare rankings is that, with sticky prices, producer price inflation in each stage of production leads
to resource misallocation. Thus, a good monetary policy rule should take into account producer price inflation in all stages of production. This intu-
ition appears to be robust to whether we use a balanced trade condition or a risk sharing condition.

Appendix ]. Comparative statics: distortions from the stage-specific price stickiness and the elasticity of substitution

If there are different degrees of price stickiness in different stages of production, which one matters more? To shed light on this question, we con-
sider two extreme cases: (i) let the upstream prices be fully flexible (while maintaining the Calvo parameter for the downstream sector at the base-
line value), i.e., ¢ = 0 and o, = 0.66; and (ii) let the downstream prices be fully flexible (while keeping the upstream sector Calvo parameter at the
baseline value), i.e., a; = 0.66 and o, = 0. All other parameters are the same as in Section 4.1. We examine how our results vary with respect to dif-
ferent degrees of openness. We maintain the standard Taylor rule in these exercises.

1.4

Only Stage-1 Price Sticky

~—# Only Stage-2 Price Sticky

06 N § 4

oal S R

Relative welfare loss as to the benchmark calibration

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1—a

Fig. 5. Relative welfare loss with either upstream-stage price fully flexible or downstream-stage price fully flexible with respect to country openness.

Fig. 5 traces out the welfare loss in the two cases (both relative to the benchmark case, i.e., &, = o, = 0.66).2° The x-axis represents the degree of
openness (or the export share). When the degree of openness is below a threshold, the price stickiness in the downstream stage produces a bigger
welfare loss. However, when the economy becomes sufficiently open, the price stickiness in the upstream stage produces more welfare loss.

Since the output of the upstream stage is an input into the downstream stage, the price stickiness of the upstream stage contributes to sluggish
output adjustment or resource misallocation in the downstream stage. So, the deviations of the downstream labor allocation and output from the
flexible-price equilibrium are greater than those of the upstream stage.

This feature by itself does not imply that the sticky prices in the upstream stage are more important for the overall welfare, because the relative
importance of the two stages also depends on their relative employment shares, which in turn depend on the share of intermediate goods in the
downstream production. A smaller share of the intermediate goods in the final goods production means a higher share of labor in the downstream
stage. For Canada, the intermediate goods share is about 60% (inferred from the World Input-Output Table). Our calibration suggests that when the
economy is not very open (including when it is closed), sticky prices in the downstream sector matters more for welfare.

From WIOD data, we calculate that 75% of the countries have an intermediate goods share less than 55%. For these countries, it is also likely the
case that sticky prices in the downstream sector produce a greater welfare loss than that sticky prices in the upstream stage, as long as their degree of
openness is below some threshold.

As the economy becomes more open, since the upstream sector has to produce for both the world market and the downstream stage at home, the
upstream sector employment occupies a progressively larger share in total employment. As a result, the distortion caused by the price stickiness in
the upstream stage increases in relative importance. Eventually, when the degree of openness surpasses some threshold, sticky prices in the up-
stream stage generate a bigger welfare loss.

29 Notably, when the degree of openness is large, the case of only upstream-stage price being sticky can generate a higher welfare loss than the benchmark calibration with prices being
sticky in both stages. The reason is that, the monetary policy reaction function is kept to be the standard Taylor rule in this exercise. When the degree of openness is large enough, the
standard Taylor rule is more sub-optimal in the case of only upstream-stage price being sticky.
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We also study how the elasticity of substitution affects the welfare at each stage of production, and how it relates to the degree of openness. In
general, when the elasticity of substitution is greater, there is more misallocation. We further consider two specific cases: (i) a higher elasticity in
the upstream stage, i.e., 6; = 15 and 6, = 10; and (ii) the opposite case of a higher elasticity in the downstream stage, i.e., §; = 10 and 6, = 15.

We maintain a classic Taylor rule in both cases.
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Fig. 6. Relative welfare loss with either higher elasticity of substitution in upstream stage or higher elasticity of substitution in downstream stage with respect to country openness.

Fig. 6 traces out the welfare losses in the two cases (both relative to the benchmark calibration of 6; = 6, = 10). The x-axis represents the degree
of openness. For reasons similar to the discussion on heterogeneous price stickiness, an increase in the elasticity of substitution in the downstream
sector produces a bigger welfare loss than an equivalent increase in the elasticity in the upstream sector as long as the degree of openness is below
some threshold. As the economy becomes more open, the labor share of the upstream sector in total employment also increases, and the gap in wel-
fare loss between the two cases narrows. Eventually, when the degree of openness exceeds the threshold, the result flips.
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